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1 Keywords

e Lagrangians, Inequalities, KKT, Linear Programming,

2 Main Points

2.1 Equality Constraints

e If we want to minimise f(x) subject to the constraint g(x) = 0 this is equivalent to solving
the problem

min max £(x, «)
x «

where L(x, ) is a Lagrangian given by
L(z,0) = f(x) - ag(x)

e « is a Lagrange multiplier that is determined by the joint optimisation problem
e Note that we seek a saddle-point

o We minimise with respect to  and maximise with respect to «
o We can’t escape this

— if we multiply a by —1 we just changing the directions of the « axis but still have a
saddle-point

— if we multiply both terms by —1 then we would end up minimising with respect to
«, but maximising with respect to «

e The solution to our problem must satisfy

OL(x, o)
Oa

The second equation ensures that we sit on the constraint

VL(x,a) =V f(x) —aVg(x) =0, =g(x)=0

e}

o

The first equation says that the gradient of f(x) must be perpendicular to the con-
straint

(e]

This is necessary for the solution to be a (local) minimum (i.e. we can not get an
improvement by moving along the constraint)

o

There can be multiple solutions: these equations at a satisfied for any local minima on
the constraint

e If we have multiple equality constraints we just use multiple Lagrange multipliers



2.2

Inequality constraints

e If we are minimising f(x) subject to an inequality constraint g(«) > 0 then one of two things

2.3

can happen

1. Either we have a (local) minimum of f(x) that satisfies the constraint or

2. We have a local minimum on the constraint

We can therefore solve this problem by again using a Lagrangian
L(z,0) = f(z) — ag(x)
with the additional constraint o > 0

o If the minimum lies in a region that satisfies the constraint then we just set « = 0 and
minimise f(x)

o If the solution lies on the constraint we again have V f(x) = a Vg(x), but now o > 0
which means that not only is there no improving direction along the constraint, but
also the negative-gradient of f(x) points in the direction where g(x) becomes smaller,
i.e. in the region that violates the constraint

— note if @ < 0 we could find a better solution moving away from the constraint into
the feasible region

o Karush-Kuhn-Tucker (KKT) Conditions

— For inequality constraints we require either
1. @ =0 and there is an unconstrained minimum in the regions g(«) > 0 or
2. a > 0 and the solution lies on g(x) = 0

If we have multiple inequality constraints we just introduce a Lagrange multiply for each

constraint with o« > 0

Duality

Our problem of solving f(x) subject to some constraints is known as the primal problem

If our problem is sufficiently simple we can sometimes find a solution «*(«) that satisfies

VL(z*(a),a) =0

This leaves us with the dual problem

max Lz (a), o)

possible with constraints on « (e.g. «; > 0) that arise from KKT conditions
Linear Programming

o In linear programming we are trying to find a value of « that minimises a linear objec-
tive function ¢’z subject to linear constraints M = b (and/or Mz > b)

o We can write this as a Lagrange problem
L=c'z—-a' (Mz-b)

(subject to constraints a > 0 if we have inequality constraints in the primal problem)

o We can rearrange the Lagrangian as

L=a"b+ (cT — aTM) x



e}

Using the identity a'd = b'a w can rewrite this as
L=ba—a' (MTa — c)
o But we can now treat x as a Lagrange multiplier so we get the dual problem

max b«
(07

subject to the constraint
Ma=c

e}

If the original constraints were inequality constraints the o > 0

e}

The dimensionality of the dual problem can sometimes be much lower than that of the
primal problem making it easier to solve

¢ Quadratic Program

o In a quadratic program we have to minimise a quadratic loss ' Q = subject to linear
constraints Mxz = b (or Mx > b)

o For there to be a unique minimum Q must be positive definite (which is sometimes
written Q > 0)

o We can write a Lagrangian
Lx,a)=2'Qx —a' (Mzx —b)

o The solution is given by max min £(x, o)
« €T
o If the constraints are inequality constraints then a; > 0

o The minimum with respect to x is given by
ViLl(x,a) =2Qz+Ma=0

o So that z* = ;Q~'MT"
o Substituting this back into the Lagrangian we get the dual problem
1
max —ZaTMQflMTa +a'b
«

with a; > 0 if we started with inequality constraints

— note in the derivation that we end up with two terms proportional to a"MQ~'M"«
one partially cancelling the other

3 Exercises

3.1 Quadratic with a linear constraint
e Consider minimising f(x) = 22"Qz subject to the constraint a’z = b

1. Write a Lagrangian for this problem
2. Find the minimum of the Lagrangian with respect to x
3. Write down and solve the dual problem

4. Hence write down a solution to the primal problem

e See answers, but also experiments



3.2 Saddle Point

e Strangely (for me at least) the optimum of a constrained optimisation problem is given by
the saddle-point of the Lagrangian

e Consider the problems of minimising z2/2 subject to the constraint » = 1

1. Write down the Lagrangian
2. Calculate the Hessian matrix (matrix of second derivatives)

3. Compute the eigenvalues of the Hessian (show that they have different signs every-
where so there are no maxima or minima)

e See answers

4 Experiments

4.1 Quadratic with a linear constraint

e Let X be a 10 x 5 random matrix with elements drawn from A/(0, 1)
e Let Q = X™X
o Check that this is positive definite
e Let f(z) = 32'Qz
e Let a be a random vector with 5 elements drawn from A (0, 1)
e We want to minimise f(x) subject to the constraint a'z = 1
e Work out the Lagrangian, L(x, ) for this system
e Write an iterative gradient solver that

1. Makes steps « < « —rVL(z,«)

2. Makes steps o <+ o + raLéza)

e Note you will have to tune the learning step r

e Compare the solution you find by running your algorithm until convergence with the exact
result (see exercise and/or answer)

function [x,alpha] = optimise(Q,a,r)
x = rand(5,1); % initialise x
alpha = 0; % initialise alpha
for t=1:1000
X = X - rx(Qxx-alphaxa); % X =X - r \grad L
alpha = alpha + rx(-(a'xx-1)); % alpha = alpha + r dL/d\alpha
endfor
endfunction

[x,alpha] = optimise(Q,a,0.1)

alphaTheory = 1/(a'*Qxa)
xTheory = inv(Q)=axalphaTheory



5 Answers
5.1 Quadratic with a linear constraint

1. The Lagrangian is given by

L(x,a) = %wTQaz —a(a'z —D)

2. Minimising with respect to x we get
VL(z,a)=Qxz+aa=0
orx=aQ 'a

3. Thus the dual problem is

1
max ——a’a' Q la+ ab
a 2

e The solution to the dual problem is

b
o= ————
a’"Qla
4. Thus the solution to the primal problem is
bQ la
rT=——"
a’'Qla

e Note that in most quadratic programming problems we are dealing with many inequal-
ity constraints so solving the dual problem in closed form isn’t necessarily easy

5.2 Saddle Point
e Just do it

1. The Lagrangian is given bye

Ez%—a(m—l)

1 -1
n=(4 %)
3. The traces T' = 1 and the determinant D = —1 So that

 T+VT?2—-4D 145
- 2

2

2. The Hessian is given by

A — {1.618, —0.618}

If you prefer you can compute the eigenvalues numerically

e Note that whatever we do the determinant will be negative leading to a negative eigenvalue
(the determinant is equal to the product of eigenvalues). This would be true if we were
maximising —2/2. You can change the constraints or the objective function, but you will
still get eigenvalues of different signs.
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