Mathematics of Machine Learning
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1. Why are you doing this
course?

2. What we assume that you
know

m;"“m Hutrsampiry
Course Details and Topics
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Orientation Why are We Teaching You This?

e This courses addresses three cohorts of students:

Third year Artificial Intelligence Students
MSc in Machine Learning Students
Volunteersi

e It is dual coded (AICE3001/AICE6002), with subtle difference in
expectations reflected in slightly different evaluationi

e Notes are on Moodle and

https://ecs-vlc.github.io/aice3001/1

e In a world where LLMs can do everything, why bother with
learning mathematics?1

e You need to learn to trust your own judgementl

e LLMs can help us a lot, but if you don't trust yourself you are
disempoweredi

e This course is aimed at building up trust in your understanding of
how machine learning worksl
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Why Mathematics?

e Learning machines are notoriously difficult to understandi

e Mathematics allows us to reason rigorouslyl

e Posing question mathematically and seeking mathematical
solutions provide allow us to build a strong intuitionf—we can't
cheatithat muchi

e Mathematics also allow us to describe the world preciselyl

e It also provides an arsenal of tools that turn out to be hugely
usefull
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Cracking the Code

e Mathematics is a language that takes time to masterl
e For some it is easy, for others it will be a strugglel

e But given determination everyone can crack the code and
understand what the mathematics is sayingi

e This comes from engaging and working with mathst—this course
has tutorials that should be considered compulsorylnot because
there are marks attached, but because without doing the work
you aren't going to crack the codel
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Starting from Different Places

e You all start from different placesl
e Some of you may have a degree in mathematicsl
e For others it may have been you least favourite subjectl

e | invite strong mathematicians to become even strongeri—the best
way to learn is through teaching othersl

e For students starting from a weak base, judge yourselves by your
progress, not by comparing yourself to othersi
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The Golden Rule of Mathematics

o Understand every stepl

e When you don't understand a step, stopl break the problem
downl ask someonel

e Mathematics uses a lot of short-cuts) which speeds-up
calculationsh but you need to be able to justify every stepl

e |t takes bravery to admit you don’t understand and insist that you
willl

e Asking “stupid” questions isn't stupidiit is how we all learni
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The Journey

e \We are going to visit lots of aspects of mathematics that have
proved fruitful in machine learningl

e Some of this will be very concrete, while in other cases by look at
a higher level of abstraction we can generalise methods across
different application areasl

e We will cover, calculus, vector spaces, convexity, optimisation,
entropy, probability, statistics and much else besidesl

e The journey will pay you offf these are the foundations of most of
machine learning and will give you super-powers that are hard to
acquire without mathematicsl
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course?

2. What we assume that you
know

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 9

What we Assume you Know

e You should all have A-level mathematics and have done some
mathematics at Unil

e You should know what a function is, e.g. f(z) = 2%+ 31
e You should be able to do simple algebraic manipulationsl

e And some elementary calculus
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Vectors

e Ordinary vectors (what mathematicians call elements of R™) are
much used in machine learning and should be familiarl

e We will use bold symbols to represent column vectors, e.g.

1.2
x=|23|1
4.7

e We denote row vectors as the transpose of column vectors

2
d(z=+3
flx) = d@”+3) _ 221 x’ = (1.2,2.3,4.7)
dz

e We care whether vectors are row of column vectors as it allows us

to write equation involving vectors succinctly and unambiguouslyl
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Matrices Composition of Mappings

e Matrices are blocks of number that define linear mappings
between vectors, e.g. M € R?*3

11 21 62
M_<9.3 3.1 74.4)'

e An m x n matrix (i.e. M € R™*"™) has m rows and n columnsl

e An m X n matrix acting on a vector in R™ transforms it to R™
vector, e.g.

e Matrices, A, B, etc. represent mappings between spacesl

e Provided the matrices are the correct size we can compose these
mappings, e.g. if A € R™ and B € R"™*" then AB represents
the effect of

first applying B to vectors in R™ to obtain vectors in R
and then applying A to get vectors in R

. ABz = A(Bz)i
1.1 -21 6.2 ' 28.63
Mz = 23 | = 1
9.3 31 —44 —2.39
4.7
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Matrix Multiplication Transpose

e The combined mapping AB can be represprested by an ¢ x n
matrix C which we can compute using matrix multiplcation (rows
times columns)i

e Matrix multiplication is associative: (AB)C = A(BC)i

e But in general not commutative AB # BAI

o We often encounter transposes of a matrix M where we have
exchanged the rows and columns: [MT];; = [M];1

o Clear (MT)T =M

e |t is simple question of book keeping to show that
(AB)T =BTATi

e For a symmetric matrix M = M1

e Since 1 x 1 matrices are always symmetric

a'b=(a"b) ' =b"ar

a Mb=b"M"al
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Matrix-Vector Multiplication

e We can treat a column vector as a n x 1 matrixi

e Then matrix-vector multiplication can be treated the same as
matrix multiplicationt

Inner Products

e The dot or inner-product between two vectors with the same
number of elements, can be written a b1

[ B = (m]
|
H HE RN - |
H HE RN - | 1
H HEEBNE |
m e Inner products encode angles between vectors
H EE RN |
| 1 Ty
a'b = [|la|[|bl|lcos(O)
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 17 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 18

Outer Products

e We can also define the outer-produce between any size vectors,
T
ab'l

JECEEE-

e Notice that we need to know whether we are dealing with row or
column vectorsi

Norms

e Norms are non-negative numbers associated with the “size” of a
vectorl

e The norm you should be familiar with is the Euclidean Norm or
2-norm

/]2 =

n
E A= /22 + 23+ ...+ 2= VaTzl
i—1

e We will see there exist other norms (using different ways of
measuring size)l

e The Euclidean norm is intimately related to the inner-product, we
will see other examples of this for different vector spacesl
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Matrices as Linear Mappings

e Matrices represent mappings between vectors

b= Ma

e The elements of b are linear sums of the elements of a

bz‘ = Zkfi]'ajl: A/[“(I,I + ]\/[L'Q(j,g + -+ A/]inanl
J
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Action Of Matrices on Volumes

e For a closed set of points corresponding to a volume, V' in R",
treating each point as a vector, we can as what happens to the
volume after mapping the vector by a matrix

B
1
e Two important consequences of this linearity are for any real ¢
e For square matrices, M, the determinant is equal to
M(ca) = c(Ma)l det(M) = £V’/V1
M(a +b) = (Ma Mb)i . . .

(a+b) )+ ( ) e The sign tells us if there has been a reflectiont
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Determinants Multivariate Functions

e A consequence of the fact that AB denotes the composition,
apply mapping B then apply mapping A

det(AB) = det(A) x det(B)1
e Determinants are only defined for square matrices, as non-square

matrices project into different size spaces, where the volumes
cannot be comparedi

e Singular matrices projects all points onto a lower dimensional
space, so have determinant O1

e In machine learning we heavily use multivariate functions
f:R" = R™

e Often our functions will be scalared value f : R” — Ri

o E.g. a learning machine for regression might be f(z,w)lor we
might have a loss function L(w)i

e We say a function f is linear if

flex) = cf(x) fle+y)=flx)+ flyh
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Gradients

e The gradient of a function f: R” — R at a point «* is defined as
the column vector

Af(x")
oxq
af(=")

Vi) =| o= |a

05(")
R

e The gradient vector is orthogonal to the contour plane and points
in the direction in which the function increases fastestl

Probability

e We will have a lot to say about probability later in this coursel

e To reason about events with uncertain outcomes we introduce
random variablesi

e Random variables corresponds to objects that we assign numbers
to depending on the outcome of a random eventl

e E.g. we might assign 0 to the outcome of tossing a tail and 1 for
a headt—this is an example of a discrete random variablel

e A continuous random variable might be the temperature at 12
noon tomorrow in Hyde parki
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Probability Distributions

e For discrete events, we can define a probability mass function
P(X = z) that the random variable takes the value z1

e This is a number between 0 and 1 with > P(X =z) =11

zeX

e For continuous events the probability of X taking a particular
value z is zerol

e Instead we consider the probability density fx(z) which we can
define as

Pz < X <z +dx)
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Expectations

e One of the most useful quantities in dealing with random
numbers is to look at the average value, aka as the expectation,
for some function g(X) of the random variable

ZweXP(X

=x)g(x)
[ fx(@)g(z)dz

E[g(X)] = {

e Expectations are linear operators

Elcg(X)] = cE[g(2)]
E[g(X) + h(X)] = E[g(X)] + E[R(X)]

fx(z) = lim 1 ] o
520 oz e The expectation of a constant is itself E[c] = c I
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Lesson

e |'ve covered material that we assume you knowl

e If you don't, you are going to struggle following any machine
learning course, so grab a maths book and revise thisl

e We will revisit most of these topics to gain a better
understanding, but you will be lost in the other machine learning
modules if you are not familiar with everything I've coveredi

e There are exercises we will go through in the tutorial session
where you can test your proficiencyl
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Mathematics of Machine Learning Outline

Differential Calculus

1. Why Calculus?

2. Differentiation £(ao)

Flao)= Y@| = iy Lot 7

2=z 0

3. Vector Calculus

4. Matrix Calculus

Differentiation, product and chain rules, vectors and matrices
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Why Calculus? Back to Basics
e Calculus is a fundamental tool of mathematical analysisl e You have all done A-level maths so should be familiar with the

rules of calculusl
e In machine learning differentiation is fundamental tool in
optimisationl e But, it is easy to forget the rules and sometimes we use quite
sophisticated tricksl
e Integration is an essential tool in taking expectations over
continuous distributionsl e Although the sophisticated tricks really speed up calculations, it

pays to be able to understand where these tricks come froml
e Both differentiation and integration crop up elsewherel
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Outline Differentiation
1
f(2)
f(a)
1. Why Calculus?
. P Pl = 41| = lim L) )
2. Differentiation - / ) — %ﬂ i =t mo
3. Vector Calculus o=z <=0 S0+ = £Gz0)
4. Matrix Calculus Lo
7 T z
Zo 1
Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vic.github.io/aice3001/ 5 Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vic.github.io/aice3001/ 6
Polynomials Linearity of derivatives
o f(z)=a? e Consider the derivative of a f(z) + bg(z)
dz? . (w+e)?—22 | (2?4 2ex+€?)—a? d(af(z)+bg(x)) . (af(x+e)+bg(z+e€))— (af(x)+bg(x))
— = lim I= lim 1 — 2 — lim 1
dz e—0 € e—0 € dx e—0 €
— lim2s + a= 201 Ul f(@) + byl +0) — gla),
=0 = lim 1
e—0 €
‘ fz+e) — f(z) g(z +¢) —g(z)
e (zte)"=(z+e)(r+e)(z+el=a"+nex" L +0(N = lg%a <f +0b B I
dz™ z+e)" — " =af'(x)+bg'(zn
— = limLI: limnz" "1 + O(eNn= na"

dz e—0 € e—0

o Differentiation is a linear operation!i
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Linearity in Pictures

Product Rule

1
3
hz) = f(z) +g(z o Recall f(z+¢) = f(x) +ef'(x) +0(?)
9(z) :/a' () o If h(z) = f(x)g(an
- o) — i J @+ Dg(a+ ) = fl@)g()
. h(z)=1 1
W (o) = f'(w0) + ¢'(20) S f(z) (o) = €
7 - lim (f(x) + ef'(x) + O(?) (9(@) + eg'(x) + O(e?)) = fx)g(x),
” B e—0 € N
g/ (2) =% f'(x0) 2 — () vl T 2
i ™ 7 :ghi%f(f (m)g(ﬂ/)va(:/)g (@) + 0(e%), F(2)9(@) + F@)g (@)
" f(@)
= e This is the product rulel
T = T
o 1
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Chain Rule
o Recall f(z+¢€) = f(x) +ef'(x) + O(e?)
o Let h(x) = f(g(z)n
e Then
B+ €) = Flgla+ = £(9(x) +eg'() + O
= fg(@)) +eg'(x) f'(9(x)) + O
e Thus
W(z) = lim Mz +€) — h(x)

e—0 €

=g'(z) ['(g(z)n

e This is the famous chain rulel Together with the product rule it
means you can differentiate almost everythingl

More on chain rules

e We can also write the chain rule as

df(g(=)) _ df(9)dg(z),
dz dg dzx

e Sometimes this is neater or easier to remember
decos(@®)  decos(=?) dcos(x?)dz?
= 1
dx deos(2?)  dz? dx
= eos(a?) (fsin(:l;Q)) 221

cos(zz)l

= —2zsin(z?)e
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Inverse functions

e Suppose g(y) = f~1(y) is the inverse of f(z) in the sense that
g(f(®) = 71 (f(x)) = a1

e Using the chain rule

dg(f (=)

S = Py (=1

since g(f(x)) = a1
e Sog'(f(z))=1/f"(xn

o Writing y = f(z) so that z = f~!(y) = g(y) we find

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 12

Exponentials

o Note that a®*¢ = a’a® (that is we multiply a together b+ c times)i

e Now e ~ (1 +¢)

o But et =e%e® = e?(1 + € + O(e?) 1= e” + ee® + O(e2)

. de® et te — et . ee” 4+ O(é?
g'(y) = 1/f(g(y)) that is 4 i 1= lim (€) _
da e—0 € e—0 €
dg(y) 1 df~'(y) 1
— = = 1
dy  f'(9(y)) dy ()
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Functions of Exponentials

e What about f(x) = e

dec® de®® dex

cx,
1

dz  dex dox
e More generally using the chain rule

de()-i‘/(m) : g’(g;)eg(””)l
T

e Also a’¢ = (a®)¢ (that is we multiply a together b x ¢ times)i

3 In(a)\z d In(a)z
da = 7(1(6 ) P 1= ln(a)eln("’)mlz In(a)a”
dx dz dz

Natural Logarithms

e The natural logarithm is defined as the inverse of e”

In(e”) =z W) = 1

o Recall that if g(y) = f~(y) then ¢'(y) = 1/f(g(y))
e Consider g(y) = In(y) and f(z) = e* (with f'(z) = %)

din(y) 1 1
= — 1=
dy ey
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Exponentials and Logarithms Outline
1
1@
fl@)=1
1. Why Calculus?
2. Differentiation S0y = 2, =yttt 7
3. Vector Calculus
T
B a 4. Matrix Calculus
7 (z) =logy
.
// T

// To

,

,

,
,
,
,
,
e —1
L [ (z) =log,(z) 1
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Derivatives in High Dimensions

e When working with functions f : R™ — R in many dimensions
then there will typically be different derivative in different
directionsl

e To compute the derivative in a direction u € R™ (where ||u|| = 1)
at a point € R" we use

flx+eu) - f(z)

€

OuF () = lim 1
e—0

o Ifu=26;=(0,..,0,1,0,...,0)" (i.e. u; =1) then
Of(@) _ . St cb) — f(@)

1
1
dx; e—0 €

Taylor

e If we expand f(x + eu) to first order in €

flm+eu) = f(x) +eulg(x) + O()

o),

then g;(x) = 5a;

e Recall we defined the vector of first order derivatives of f(x) to
be the gradient
oJ(@)
GED)
af(x)
Vi) =| o=z |1

e Thus Oan
f@+eu) = f(z) + eu’V f(2) + O()

This is the start of the high-dimensional Taylor expansionl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19

Computing Gradients 1

e We can compute the gradient by writing out f(2) componentwise
and performing the partial derivative with respect to ;1

a(zul 2 Mjw; + 3 wiMy
- Maojw; + 3w Mo

v TM 1= dwsy W M 1= Z,] YAt k2
w wi 5 E w; M jw; Zj Msjw; + Ziwiﬂfig

Jws ij
=Mw + MTwi= (M + MT)wI
e |t is tedious to compute these things component-wise, but when

you need to understand what is going on then go back to the
basicsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Computing Gradients 2

o A slicker way is just to expand f(x + eu)l
e Consider f(x) = z"Mx +a'x

flx+eu) = (x4 eu)"™M(z + cu) + a’(z + cu)l
= f(z)+e(u™™Mz +z"™Mu+a"u) + O(e)
= f(z) + eu’ Mz + Mz + a) + O(c?)

using z'Mu =u"M"z and a"u = u"al
o But f(z +eu) = f(x) +eu"Vf(z)+ O(?) so

Vix)=Mz+M"z+a

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Function Composition

e The gradient tells us about the change in a function value when
we perturb an input @ by a small amount in the directions u

f(@+eu) = f(x) + euV f(z) + O

e What happens when we compose functions: h(x) = f(g(xz))
Note that,

z€R” g:R"5R™ f:R™" SR  h:R"> R

e The vector valued function g(x) can be seen as m independent
g1(x)
g2(x)

gm(x)

function g(x) = 1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Jacobians
e Perturbing « by eu

gi(@ + eu) = gi(x) + eu' Vgi(x) + O()
so that
glx + eu) = g(x) + Ju + O(?)
where J is an m x n matrix with components J;; = a%’,—ﬁjz)l
e Note that Ju is a column vector of size mi
e Ignoring terms of order ¢2

h(z +eu) = f(g(x + cu)i= f(g(x) + Jul
= f(g(x)) + eu'J Vg f(g(z)n

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 23
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Chain Rule in High Dimensions
e Using h(z) = f(g(z))
h(x + eu) = h(z) +eu'J Vg f(g(z)Nn

e We get that
Vah(z) = Vaf(g(x) =1V, f(g(x)

e Componentwise

Oh(z) _df(g(x)),  <~dg;(x)df(g(x))
or; Oz, .72 ox; g )

j=1

QOutline

1. Why Calculus?
2. Differentiation Plan) = 42|, = lim Mozstled /7
3. Vector Calculus

4. Matrix Calculus
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Differentiating Matrices

e Often we have loss functions with respect to a matrix W, e.g.

L(W) = (a"Wb — ¢)A

e We might want to find the minimum with respect to Wi

e This occurs at a point W* where L(W) does not increase as we

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 2

Generalised Gradient

e We can generalise the idea of gradient to matrices

AL(W) OL(W) AL(W)
oWy OWi Wi,
dL(W) AL(W) 9LW) = 9LW)
OWay OWao OWay, 1
oW : : . :
OL(W) OLW) = OLW)
9 W’nl 9 VVnZ Oan

e From an identical argument we used for vectors

L(W 4+ clU) = L(W) + etruTM + 0N

change W in any wayl oW
e That is, we seek a W* such that, for any matrices U where
ttU'G =) [U'G] =) U;Gji=) U;Giy=(U,GH
L(W* 4 ell) — L(W*) = O(¢*n Z[ Ji Z e Z Gy = (U,6)
A ij i
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Example Traces
e The trace of a matrix is the sum of its diagonal elements
e Suppose
9 trA = tI‘AT = ZA“I
L(W) = (a"Wb—c¢)1 :
then

LW+ ell) = (a"(W+ el)b—¢) 1= (a"Wb + ea™Ub — ¢) 1
= L(W) + 2¢(a"™Wb — ¢) (a"Ub) + O(e*)i

e Now

aTUb = Z(L,U,/ })]l: ZU,,anllz trUTale

ij ij

Thus 20 — 2(a™Wb — ¢)ab"t

e Clearly trcA = ctrAl
e Also tr(A 4+ B) =trA +trB1
e We note that

trAB = ZAHBNI: ZBLIAJLI: trBAI

©,J i,
o |t follows that

trABCD = trDABCi= trCDABI= trBCDAI1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 29

Quick Matrix Differentiation

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 30

Summary

o Let
Auf(X) = hmw|: tr UTL(X% e With care you can differentiate most expressionsl
’ e—0 € oX
e The chain and product rule are incredibly powerful toolsl
e Eg.
1 e We can generalise differentiation to vectors and matricesl
Ou tr AXB = lim — (tr A(X + eU)B —tr AXB)
cooe S S e There are a number of surprisingly useful resultst see The Matrix
=tr AUBI=tr B U'A'l=tr W'A'B"I Cookbooki
thus e When we look at integration it gets harderl
0trAXB
———=ATB"1
oX
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Mathematics of Machine Learning

Taylor’s Expansion

Convergence, remainder, high-dimensions, Hessian

QOutline

1. 1-D Taylor Expansion
2. High Dimensions

3. Hessians
xy

[f(z) = ||z|* = c
|
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Approximating Functions

e In much of machine learning we are trying to approximate
functionsl

e There are many different ways to do thisl
e Depending on your application some are much better than othersl

e All function approximation makes some assumptions about the
regularity of the function they are approximatingl

e Taylor expansions are polynomial approximations of a smooth

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 2

Polynomial Approximation

e Suppose we wanted to approximate a function f(x) around a
point z* using a polynomial

f@) = ap+ai(z — o) +ag(ex — 22 + ...+ an(z — )™
e Taking derivatives
f'(:c) ~ a4 2az(x — %) + 3az(z — x*)Q + ...t nay(xz — at*)"_ll

(z) = 2as + 6az(z — 2*) + ... + n(n — Day(z — )" 4

e One way to decide on the coefficients is to set x = x* and assume
equality

1 1,
. . * 10 % 10 % i 5
function around a pointl ag=f(@N a1 = f'("N ax= if ("N a;= = Oz
il
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Taylor Expansion

e This gives the Taylor expansion

1) = @) + 5@ @ = a%) 4 @) @ =2t O - a)

e The left and right-hand side both have the same n derivatives at
the point ™1

Convergence

e As we add more and more terms our local approximation becomes
more accuratel provided the higher derivatives existl

e Polynomials have the nice property that they only diverge at ocl

e However, polynomials cannot capture functions that diverge for
finite numbers, e.g.

%I ﬁl tan(x)l

e This leads to a loss of global convergencel

1
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Taylor Expansion of tan(z) Complex Functions
1
e To understand convergence of Taylor series more generally we
need to go into the complex planel
E?AZJ e We can generalise many functions by considering them as a
7 . . .
315 ¢ function with a complex argument z = x + iyl
x
e The value of the complex function will be complex valuedi
e Complex functions are a huge and beautiful field (almost all of
which go beyond this course)l
1
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Analytic Functions

e An important class of functions are those where for almost all z
the derivative

) St - 1)

z e—0 €

does not depend on the direction el

e This includes polynomialsl but also includes exponentials)
trigonometric functionsl logarithmsj ratios of polynomialsl
“special functions”, etc.l

Guaranteed Convergence of Taylor Series

e For analytic functions, Taylor series are guaranteed to converge
inside a circle that excludes singular points

iy

Singularity

e E.g. the function f(z) = ﬁ has a singularity at z = il The

Taylor series of f(z) around 0 is guaranteed to converge inside a
circle of radius 11
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The Hyperbolic Tangent

e The hyperbolic tangent, tanh, is related to the normal tangent
function through tanh(z) = —itan(iz)l

e The function (along the real line) doesn't have any singularitiesl

e But we know that tan(x) has singularities at 7 + k7 where £ is

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 10

Taylor Expansion of tanh(x)

z
. ) ) . . IR S

any integer, so tanh(z) has singularities at 2 = +i%,£i3F,... on

the imaginary axisl
e Thus a Taylor expansion of tanh(z) around z = 0 is guaranteed

to converge in a circle of radius /2§ but not necessarily for larger

values of 1 I
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Remainder Useful Bounds

e Taylor expansions actually come with an error bound

flay = ST ey 1 22N g

1!
i=0
0, is a number in the interval between z* and x1

e The last term, known as the remainder, can often be very useful

2

e’ = 1+x+%e6"'l
T 1'2 1‘3 O
e :1+x+3+§e 1

e A much used bound in mathematical analysis is e* > 1 + a1

e Many other bounds can be obtained similarlyj e.g. expanding
log(z) around z =1

log(z) = (z—1) — -1 ; D 9—12I

giving
log(z) <z —1 or log(l+z) <al

e The proof of the remainder term comes from applying multiple
integrals to the term £(")(x)i For the sake of time | will skip thisl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 13

QOutline

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

High Dimensional Spaces

e Just as we defined a Taylor expansion by approximating the
function by a polynomial we can do the same for a function
f:R* =R

n n
f@) @+ 3 M @i —a) + Y (@i — af)el (@ — af) + ..
1. 1-D Taylor Expansion = L=t
2. High Dimensions e We can determine the coefficients by differentiating both sides
3. Hessians and setting © = x*
f(x*) =cn
of(x") _ ),
Ox; !
) " *
O /() =2¢? (choosing ¢?) = )
O0x;0x; ” K 7
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High Dimensional Taylor Expansion Tangent Plane

e We find

f@) ~ flz*) + ( — )V f(z*) + 1(9: — ") TH(z — 2*) + -1 ° For. smooth functions in n dimensions the equation f(x) = ¢
2 defines an (n — 1)-dimensional hyper-surfacel(because we have

. . . imposed one constraint)l
e Where the matrix H is known as the Hessian and has components P )

0?2 f(x*) e This can be thought of as the high dimensional analogue of a
Hij = &ciazcjl contour linel
e Because e The plane that goes through a point * that lines up with the

5 5 contour surface is known as the tangent planel
f(x) _0°f(x)

Oxdx;  Ox;0; e Away from x* the value of the function f(x) differs from the

B _ ex|2
the Hessian is symmetrict(H = H)1 tangent plane by a quantity of order ||z — x*||*1
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Defining the Tangent Plane Picture of Tangent Plane for f(z) = ||z|*=c

T3

Vi(x")

e Thus if « is in the tangent plane Ty« then
fx) = f() + O(||lz — z*|*)1

o Or (z—z*)TVf(x*)=0n

e That is the tangent plane at a point x* is the set of points
orthogonal to the gradientl Ty

o Notice that the gradient then points in the direction orthogonal
to the tangent plane of the contour surfacel
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Direction of Steepest Ascent Outline

e We note that as

@ +eu) = f(2*) + cuT V(@) + O
1. 1-D Taylor Expansion

e For a step u of fixed length, the function locally grows fastest 2. High Dimensions

h is in the direction V f(z*)1
when w is in the direction V f(x*) 3. Hessians

o Likewise when w is in the direction —V f(x*) the function
decreases as fast as possiblel

e This is only true locally (when € > €)1
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2-D Taylor Expansion The Hessian

e The second order term in the Taylor expansion tells us about the

f(@) . curvature of the functiont
st y(@-p)H(-p)

e This is very relevant when we are at a stationary point, x*,
where V f(2*) = 0 so that

* 1 * * *
f@) = f(@") + 5@ —2") H(z —2") + O]z — ")
e If we make a perturbation = x* 4 ew then

flx" +eu) = f(z*)+ %52uTHu +0(n

e For sufficiently small perturbation the sign of change in the
function depends on the sign of «"Hui
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Eigenvalues

o We will revisit eigen-systems, but recall that for a square matrix
an eigenvector, v;, of a matrix H is defined such that

Huv; = \;vil

e For an n x n symmetric matrix (such as the Hessian), the
eigenvalues are all real, and we can choose n orthonormal
eigenvectors such that v]v; = §;1= [i = j]i

e We note that
v] Ho; = v] o= o] vil= A\
e If we perturb in a direction v; then

flx® +ev;) = f(x™) + %62)\1' +0(e¥N

General Directions

e We can write any vector u as a weighted sum of the eigenvectors
(the eigenvectors form a basis) u = >

i—1Civi 1

e Note that
n n
u'Hu = E civ] |H E cjv; |0
i=1 j=1
n n
= (Dol || Do |
i=1 j=1
n n
— IIr Y 2
= E Ajcicijv; vjl= E Aic;
i=1

i,j=1

using the orthogonality of eigenvectors viij = 01
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Minima, Maxima and Saddle-Points

o If all the eigenvalues are positive, A; > 0, then for any u we have
u"Hu > 0 and =* would be a local minimumi We say H is
positive definitelor H > 01

e Similarly if all the eigenvalues are less than zero (H is negative
definite, H < 0), then * will be a local maximumi

e If there are both positive and negative eigenvalues then * is a
saddle-pointl(if some eigenvalues are zero we need higher order
terms to decide)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 26

Finding Optima

e We are often given a loss function, L(w), which we wish to
minimisel

e A sufficient condition for w* to be a local minimum is that
VIL(w*) = 0land H > 0 where H is the Hessian of L(w) at the
point w*l

e Except for a few very simple loss functions, there are likely to be
many (and often a huge number) of local minimal

e Unless L(w) is very simple we are unlikely to be able to solve
V L(w) = 0 analyticallyl
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Gradient Descent

e We usually proceed iteratively, starting from some w(®)

w = w® — VL (w®)

e This moves us in the direction that (locally) minimises the loss
function L(w)i

o As we get closer to the minimum V L(w®) typically becomes
smaller and we take smaller stepsl

e However, many nasty things can happen, and we have to be
careful in how we perform gradient descentl

e We will revisit this when we look at optimisationl
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Lessons

e For functions that are smooth (at least almost everywhere) Taylor
series are really useful in understanding the local behaviour of the
functiont

e The gradient defines the direction in which a function increases
fastestl

e This will be orthogonal to the tangent plane, where locally the
function is a constantl

e The Hessian (not to be confused with the Jacobian) is the matrix
of second derivatives defining the curvature away from the
tangent planel
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Mathematics of Machine Learning

Vector Spaces

f(x)

Vectors, metric spaces, norms

QOutline

1. Vector Spaces
2. Metrics (distances)

3. Norms
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Matrices, Vectors and All That

e The language of machine learning is mathematicsl
e Sometimes we draw pretty pictures to explain the mathematicsl

e Much of the mathematics we will use involves vectors, matrices
and functionsl

e You need to master the language of mathematics, otherwise you
won't understand the algorithmsl

e I'm going to spend this lecture and the next revising the
mathematics you need to knowl(but I'm going to use a slightly
posher language than you are probably used to)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Scalars (Fields)

e Vector spaces involve fields (numbers)t—aka scalarsi

e These are quantities we can add together (a + b) and multiply
together (a x b)i

e Formally they form an Abelian group under addition with an
identity Oland excluding 0 an Abelian group under multiplicationl
and they are distributive

ax(b+c)=axbtaxd

e Although this sounds rather daunting don’t panicl They behave
like numbers.iThe field might be rational numbers, reals, complex
numbers or something a bit more exotic (not the integers: 2 has
no integer inverse)i—but we will almost always consider realsl
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Vectors
e We often work with objects with many components (features)i

e To help handle this we will use vector notationl

e We represent vectors by bold symbolsl
T2 |, e All our vectors are column vectors by defaultl

Tn o We treat them as n x 1 matricesl
e We write row vectors as transposes of column vectors

Y = (Y1,Y25-- Yl
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Basic Vector Operations

e The basic vector operations are addingl

e multiplying by a scalar (a number)i

2a
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Vector Space

e A vector space, V, is a set of vectors which satisfies

Cifv,weVthenaveVandv+weV
v+w=w+v
(u+v)+w=u+(v+w)
v+0=v (existence of additive identity O)I
v+ (-v)=0 (existence of additive inverse —v)i
lv=w (existence of multiplicative identity 1)1
. a(bv) = (ab)v (associativity)
a(v+w) =av+aw (distributive properties)
. (a+b)v =av +bul

(closure)
(commutativity of addition)i
(associativity of addition)i

©CONOO A WN

(You don’t need to remember these)l

e Just from these properties we can deduce other propertiesl
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Rn

e When we first learn about vectors we think of them
as arrows in 3-D spacel

o |f we centre them all at the origin then there is a one-
to-one correspondence between vectors and points in
spacel

e We call this vector space R

e Any set of quantities © = (21,29,...,2,) which
satisfy the axioms above form a vector space R™

e Of course, we can't so easily draw pictures of high-
dimensional vectorsl
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Other Vector Spaces

e Any objects that satisfy the axioms of a vector space are
vectorsk—not just v € R"

e Matrices satisfy all the conditions of a vector spacel
e Infinite sequences form a vector spacel

e Functions form a vector spacel

Let C(a,b) be the set of functions defined on the interval [a,b]
Note that if f(z),g(z) € C(a,b) then a f(x) € C(a,b) and
f(@) + g(x) € Cla,bn

e Bounded vectors in R™ don’t form a vector spacel

QOutline

1. Vector Spaces
2. Metrics (distances)

3. Norms
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Metrics

e Vector spaces become more interesting if we have a notion of
distancel

e We say d(x,y) is a distance or metric if

1. d(z,y) >0 (non-negativity)l
2. d(zy)=0iffz =y (identity of indiscernibles)i
3. d(z,y) = d(y,x) (symmetry)i
4. d(x,y) < d(x,z) +d(z,y) (triangular inequality)l

e There are typically many possible distances (e.g. Euclidean
distance, Manhattan distance, etc.)i

e If one or more of the conditions aren't satisfied we have a
pseudo-metricl
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Mappings and Functions

e A function defines a mapping from one vector space to another
(although the spaces might be the same)l e.g.

f:R> R

(f maps the reals to the reals, i.e. f(x) takes a real x and gives
you a new real number y = f(z))

e We are often interested in functions that behave nicelyl

e E.g. They are continuousl
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Lipschitz Function

e One way to characterise a well-behaved function, f(z), is if there
exists a number K < oo such that for all = and y

d(f(z),f(y)) < Kd(z,y)

e This is known as a Lipschitz condition and the function is said
to be K-Lipschitzlor Lipschitz continuousl

e Note that such functions cannot have any jumps (i.e. they are
continuous)i

e The size of K measures the limit on the amplifying effect of the
functionl
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Lipschitz Continuous Functions

Sk
o~
!
~
[T
T
[N
[}

d(f(z), f(y))

d(f(z), f(y)) _
Tdwy) @

T T -z
T Tamgyy Yy 1

e The definition applies to any function defined in a metric spacel
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Contractive Mappings

e An interesting class of functions are those for which K < 11
e These are said to be contractive mappingsl

e A famous theorem that applies to contractive mappings is the
Banach fixed-point theorem which says there exists a unique fixed
point such that f(x) = z, and repeatedly applying f converges to
ith

e This is used for example in showing that various algorithms will
convergel
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Outline

1. Vector Spaces
2. Metrics (distances)

3. Norms
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Norms
e Vector spaces are even more interesting with a notion of lengthi
e Norms provide some measure of the size of a vectord

e To formalise this we define the norm of an object v as ||v||
satisfying
1. |lv]| >0ifv#0and [0 =0
2. [lav]| = [al[[]|
3. [lut ol < flull + v

(non-negativity)l
(“linearity”
(triangular inequality)l

e When some criteria aren't satisfied we have a pseudo-normi

e Norms provide a metric d(z,y) = || — y|| (they are metric
spaces)i

Vector Norms

e The familiar vector norm is the (Euclidean) two norm

lols = /02 + 03 + -+ 02

o Other norms exist, such as the p-norm (p > 1)

n 1/p
vl = (ZI%‘H”) I
i=1

e Special cases include the 1-norm and the infinite norm

n
ol =" Jvilt

i=1

[[v]|so = max|uv;|i
i

e The 0-norm is a pseudo-norm as it does not satisfy condition 2

||v]|o = number of non-zero componentsl
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Norms for Regularisation

e Why so many norms? Here is one place where the choice mattersl

e When we fit a model many different weight vectors w explain the training data
equally welll

e We usually prefer a “small” w, so we minimise

loss(w) + njw||l

e Equivalently we minimise the loss subject to ||w| < ¢, confining w to a ball of
whichever norm we chosel

e Each norm means something different by “small”ll

o |lw]|2 small: no one component is large, the weight is spread outl

o ||w||; small: a few large components are tolerated provided the rest are tinyl
o ||w|~ small: only the largest component is controlledl

e Choosing a norm is choosing what you mean by “small”l
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Matrix Norms

e We can define norms for other objectsl
e The norm of a matrix encodes how large the mapping isl

e The Frobenius norm is defined by

[AllF =

e Many other norms exist including 1-norm, max-norm, etc.l
e Some, but not all, norms satisfy the inequality

[AB] < [IA[l > [[BJr
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Compatible Norms
e A vector and matrix norm are said to be compatible if
[Mollp < [[M]la x [[v]ls
(Spectral and Euclidean norms are compatible)

e Norms provide quick ways to bound the maximum growth of a
vector under a mapping induced by the matrixi

e We will see that a measure of the sensitivity of a mapping is in
terms of the ratio of its maximum effect to its minimum effect on

a vectorl

e This is known as the conditioning, given by |[M|| x ||[M~![j1
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Why Should You Care?

e Deep learning involves multiplying the input (which we can think
of as a vector &) by many layersl

e In CNNs we have convolutional layers and dense layersl

e The effect of applying these layers can be represented by a matrix
multiplication x,, = L,,a@,,_1l

e We also do other things like applying ReLUs or pooling that
change the magnitude, ||z, ||, of our representationi

e If you are developing new architectures you want ||z, || neither to
blow up nor vanishi

e This can be controlled by carefully choosing ||L,||1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

The Lipschitz Constant of a Network

e We can now put the Lipschitz condition and the matrix norm togetherl

e Recall f is Lipschitz with constant K if
[f(x) = f@)ll < Kz —ylll
o If we compose two functions the constants multiply
Kfog < KKl

e Alayer  — L@ has K = ||L,,|
compatibility, |Lv|| < ||IL|l2|lv|l

2, the spectral norm—this is just
e RelLUs and max-pooling never stretch distances (though they can shrink
them): K =11

e A network is just a composition of layers, so

Knet < H”LnH2I

n
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Why Care About K7?
e K tells us how much the output can move when we nudge the input

/(@ +8) - f(=)] < K[o]0

o Adversarial examples are tiny § that change the classification: a network
with small K cannot be fooled this easilyl

e It is the same quantity that controls the signal: K > 1 and signals (and
gradients) explode, K < 1 and they vanishl

o Wasserstein GANSs require the critic to have K < 1. One way to enforce this is
spectral normalisation: divide each L,, by ||L, |2l

e Bounds on how well a network generalises also depend on K1

e But there is a trade-off: make K too small and the network is too smooth to
fit the datal

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 23

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 24



Function Norms

e Functions can also have norms, for example, if f(z) is defined on
some interval Z

Il = /EIfQ(x)dwl

e The L? vector space is the set of functions for which || || 2 < ool
e The L'-norm is given by | f| 1 = fzez|f(.7:)|d:xl

e The infinite-norm is given by || f||co = max,ez|f(z)1

Norms and Metrics

e Given a norm, there exists an induced distance
d(z,y) = [z -yl
e Any normed space has an associated metric spacel

e Thus we can define the Frobenius distance between matrices

dr(A,B) = |A — B

e It is easy to see that non-negativity, symmetry and the triangular
inequality for distances are all inherited from the same properties
of normsi
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Summary

e Vector spaces with a distance (metric spaces) and vector spaces
with a norm (normed vector spaces) are interesting objectsl

e They allow you to define a topology (open/closed sets, etc. )i

e You can build up ideas about connectedness, continuity,
contractive maps, fixed-point theorems, . . . 1

e For the most part we are going to consider an even more powerful
vector space that has an inner-product definedi
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Mathematics of Machine Learning
Inner Product Spaces

QOutline

T3
T3
a
a
b b
1. Inner Products
0 2. Operators g
T T2
1
e (a,b) = [|a|| [|b]| cos(f)
Ty
(a,b) = [la|| [[b]| cos(6)
Inner products, operators
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Recap Inner Products
e We will often consider objects with an inner product, {,)i
e We have looked at_ vector spacesl(closed sets where we can add o For vectors in R™
elements and multiply them by a scalar)i
n
"t n <w7y> = mTy = Zﬂ%%'
e Recall that vector spaces don't just apply to normal vectors (R™), —
. . . 1=
but to matrices, functions, sequences, random variables, . . . 1
) ) ) e For functions .
e Proper distances or metrics, d(x,y), allow us to construct ideas (f.9) = / F(x) g(x)dan
about geometry of the vector spacel ) zeT
e Norms, ||z||, allow us to reason about the size of a vectorl e For m x n matrices
_ _ (A,B) =TrA'B = § § AUBul
e Norms induce a distance, d(z,y) = ||z — y|I i
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Axioms of Inner Products

e An inner product satisfies

1. (x,x) >0 for all z € Vi

2. (a:a:)_Olfand only if & = 01
3. {az,y) = oz, y)

4. Em Y+ z) = (x,y) + (@,2)1

5.

y) = (y,z)

e We can show that ||z| = \/(x,x) satisfies the axioms of a norm,
so that an inner-product space is a normed spacel

e The norm associated with the inner-product for vectors in R™ (i.e.
(x,y) = xTy) is the Euclidean norm ||z|| = VTl

Cauchy-Schwarz Inequality

e One of the most important results of inner-product spaces, known
as the Cauchy-Schwarz inequality is that

(@.y)” < (@.2)(y,y) = |||yl
e Or

(@)l < [z lly]

e This is a very general result so for example

JECICEE ¢ ([ r@ae) ([ a@rae)
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Angles Between Vectors

e A natural interpretation of the inner product is in providing a
measure of the angle between vectorsl

Yy

T (zy) ==y =|z| |yl cos(d)

e Vectors are orthogonal if (x,y) = 01

e We can extend this idea to functions

e /f

e Note that sin(z) and cos(x) are orthogonal in the interval [0,27]i

z)dz = || f ()] lg(z)||cos(O)n

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 6

Basis Functions
e Any set of vectors {b;|i = 1,...} that span the space can be used

as a basis or coordinate systeml

e The simplest and most useful case is when the vectors are
orthogonal and normalised (i.e. ||b;|| = 1)

1 0
eInR>wecoulduse by = [0 ], by= 1], b35=1]0]1
0 1

e This is not unique as we can rotate our basis vectorsl

e For an orthonormal basis we can write any vector as
mel
z=|ax"by |1
$Tb3

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7
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Orthogonal Functions

e For functions we can use any ortho-normal set of
functions as a basisl

w%
e The most familiar are the Fourier functions M,,)lv%l

sin(nf) and cos(no)

e Any function in C(0,27) can be represented by a ""“)Av&v&vl
<f(1'),b0(1’)>
point £ = | (f(2),ba(a) |1
e There might be an infinite number of componentsl

e This is analogous to points in R™ (for large n)I 7 g

Projection Operator

e Given a vector a we can project it onto a vector bl

a

Proiy(a) = [laf cos(®) 2,

b
=G50 1

e Using (a.b) = [laf [bl|cos(6) and (b,b) = [b]|* 1
e A defining feature of a projection operator is

proj, (proj,(a)) = projy, (%b>l

_ /lab) b (ab),
= (G ) o= gy Pl
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Constructing an Orthonormal Basis

e Given a set of linearly independent vectors (a1,as,...a,) we can
construct an orthonormal basisl

az

a; — proj,, (as)

Proja (az) = las] cos() g2y

_ (a2,01)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 10

Gram-Schmidt Orthogonalisation

e The algorithm in the last slide is known as Gram-Schmidti
e We can perform it on any inner-product spacel

e For vectors in R™ it is prone to accumulate rounding errors and is

(a,a1) 1 1
not the method of choicel
e We can iterate this
uy e Numerical packages use “Householder transformations” to
U = a; €1 = 7— . .
[l ] perform orthogonalisationt
huy(@2)8 -
Uy = Gz — Proj,, (az €2 = L. .
f[uz]| e Nevertheless, it is nice to know that we can form an orthonormal
. . us "
uz = az — projy,, (az) — proj,, (as)l € = Tual basisl
3
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Algebraic Structure Outline
e We have gone to these lengths as we want to show that man
g g y
properties of vectors are shared by other objects (matrices, s
functions, etc. )1
a
e The notions of distance (geometry), norms (size of vectors) and 1. Inner Products b
inner products (angles between vectors) provides a very rich set of 5 0 ¢ )
. erators
conceptsl P
e Vectors form the backbone of objects we will use repeatedly in
. . xT
machine learningl 7 2

e The next piece of the jigsaw is to understand how we can
transform these objectsl

(a,b) = [la] [[b]| cos(6)
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Operators

e In machine learning we are interested in transforming our input
vectors into some output predictionsl

e To accomplish this we will apply some mapping or operators on
the vector 7 : V — V1

e This says that 7 maps some object © € V to an object y = T[]
in a new vector space V'l

e This new vector space may or may not be the same as the original
vector spacel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Linear Operators

e Operators are in general very complicated, but a particularly nice
set of operators are linear operatorsi

e 7 is a linear operator if

1. Tlax] = aT[x]
2. Tle+y|=Tlx]+ Tlyh

e For normal vectors (& € R™) the most general linear operation is

Tlx] = Mz
e Our objects may be any object in a vector space such as a
functiont where M is a matrixi
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Matrix multiplication

e For an / x m matrix A and an m x n matrix B we can compute
the (£ x n) product, C = AB, such that

- Soaums (=)-5

e Treating the vector « as an n x 1 matrix then

J

e Using the same matrix notation we can define the inner product as

n
(@y) =2y = ziys

() <|> = (m)
i=1

Non-commutativity

e In general AB # BAI

[RIR2#R2R1 R1: counter-clockwise rotation of90° about the x axis
R2: lockwise rotation of 90" about the z axis

R1 R2 R1
15t rotation 1 20d otation 1

L)) N
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Associativity of Mappings Kernels
1
(BC) . . o . .
e The equivalent of a matrix for functions (i.e. a linear operator) is
known as a kernel K (x,y)
(BC)z
c B A ABOz
2 ¢ 5 ABC oo) =Tl = [ K fg)d
AB)Cx el
(AB) e Our domain does not need to be one dimensional, e.g.
1
o@) =Tl = [ Klwy)f)dm
e For all  we have A(BC)xz = (AB)Cai yez
e This implies A(BC) = (AB)C1 e \We shall soon see examples of high-dimensional kernelsi
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Kernels in Machine Learning

e Kernels are used heavily in machine learningi
e In kernel methods such as SVM, SVR, Kernel-PCAI
e They are also used in Gaussian Processesl

e In all these cases we consider symmetric, positive semi-definite
kernelsl

e Sometimes they can be interpreted as covariance between random
functions

K(x,y) = Epup [(f(2) — p(@)) (f(y) — n(y))]n

General Linear Mappings

e In general a linear operator will map vectors between different
vector spacesl

e Eg. R} RA

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Square Matrices

e We will spend a lot of time on operators that map from a vector
space onto itself 7 :V — Vi

e For vectors in R™ such linear operators are represented by square
matricesl

e When there is a one-to-one mapping then we have a unique
inversel

o We will study such mappings in detail in the next lecturel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

Summary

e Mathematics is the language of machine learning and you have to
get used to itl

e Mathematics is like programming, if you don’t understand the
syntax and you can't write it down then it's meaninglessl

e \We've taken a high level view of inner product spaces and
operators, this will pay us back later as we look at kernel methodsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 23

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 24



Mathematics of Machine Learning

Understand Mappings

‘%dml

World ———>» Measurement ——3 Data

Inverse Problem

Least Squares, Under-constrained Systems, Ill-conditioning

QOutline

1. Least Squares
2. Under-constrained Systems

3. lll-conditioning
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Transforming Data

e In the last lecture we spent time developing a sophisticated view
of vector spaces and operatorsl

e At a mathematical level machine learning can be viewed as
performing an inverse mapping

‘%dml

World ——>» Measurement —— Data

Inverse Problem 1

e Although our mappings are not necessarily linear in either
direction we learn a lot by understanding linear operatorsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/

Inverse Problems

e Given m observations {(z,yx)|k = 1,...,m}, find the p
unknowns w = (w1, ws,...,w,)" such that z]w =yl

e Define the design matriz as the matrix of feature vectors

T .

Ty Tl Tiz o Tip
T

X To1 Tog vt T,
T

T, Tml Tm2 Imp

e and the target vector y = (y1,¥2,"**,¥m) 1

e Then y = Xw and if m = p (and X is invertible) w = X~ 1y1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 3

Linear Regression

° m};w depends on distance from the plane orthogonal to wi

T3

e If m > p then X isn't square so doesn’t have an inversel
e Worse, unless the data is exact, y ~ Xw = no exact “solution”l

e Problem solved by Gauss to predict the orbit of the asteroid Ceresl
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Linear Least Squares
e The error of input pattern xy is
€ = mlw — Yl
e We can define the error vector
e=Xw-—y

(note that e = zJw — yp )i

e The squared loss
m 9 m
LwD) =Y (zfw—yx) =D e = el

k=1 k=1

e Minimising this loss is known as the least squares problemi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 5

Finding a Minimum

e At a minimum of a one-dimensional function, f(x), we have

fl(z)=0n

e At a minimum of an n-dimensional function f(x) we have the set
of equations

of(z)
(‘)xz-

=0 Vi=1,..m

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Least Squares Solution

e The least squares solution is given by

VL(w|D) = V|e|1= V| Xw — y|
= V(wTXTXw — 2w X"y + yTy)I
=2(X"Xw — X"y)1= 01
e Or )
w = (XTX)7 XTy1= Xty

o XT = (XTX)AXT is known as the pseudo-inversel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7
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Missing Bits of the Mathematics

e Note that ||a|? = aTa = aZ

1

[Xw — y|I* = (Xw — y)"(Xw — y)i= (w'XT — y")(Xw — y)i

=w X" Xw - 2w X"y +y "yl

e Where we have used w'XTy = y"™Xwl Y w; X;y; = >y Xijw;t
i i

e Also V' Mw = Mw + MTwi= (M + MT)wi

o If M =MT (i.e. M is symmetric) then V" Mw = 2Mwl

e As (AB)T = BTAT then (X™X)T = X™XT1= X"X and XX is
symmetricl

QOutline

1. Least Squares
2. Under-constrained Systems

3. lll-conditioning
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Solving Inverse Problems

e Gauss showed us how to solve over-constrained problems (we
have more observations than parameters)i

e We seek a solution which isn't necessarily exact but minimises an
errorl

e But, what if we have more parameters than observations?i
e That is, we are under-constrainedi

e Note that in some directions you might be over-constrained and
in other directions under-constrainedi

e This is very typical of most machine learning problemsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 10

Under-constrained Systems

e If we have fewer data points than parameters then there will be
multiple solutions, e.g. fitting y = wg + wiz + --- + w5z to 4
pointsl

e Every curve fits the data exactly, so which one should we choose?1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 11

What is the Inverse?

e Many points can map to the same pointl

Ys

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 12

Under-constrained Systems

e The system is under-constrainedi
e We have more unknowns than equationsl
e The inverse is not uniquel

e Solving the inverse problem (w = (XTX)AXTy) is said to be
ill-posedi

e The inverse (XTX)71 doesn't existl

e If we have a complicated learning machine and not sufficient data
we often end up with an ill-posed inverse problem (there are lots
of sets of parameters that explain the data)l
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Handling Under-constrained Systems Outline
e The issue with under-constrained systems is not that there is no
solutionl
e There is a whole family of solutions) so which one should we picki
1. Least Squares
e William of Ockham in the 14th century pOStUlated that the 2. Under-constrained Systems
“simplest solution” is likely to be the correct solutionl e
3. lll-conditioning
e How we determine the simplest solution is a bit of a black artl
e However, for linear regression, adding an Lo regulariser makes the
solution unique
2
Ly = Lyu(w) + nlwl|3t
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lll-Conditioning

e Singular matrices are rare (although they occur when we don’t
have enough data), but matrices that are close to being singular
are commonl

e If a matrix is close to singular it is ill-conditionedi

e |ll-conditioned matrices have some eigenvalues that are tiny
compared with the largestl

e All points get squashed towards a lower-dimensional subspace (a
plane in 3-D)i

e Large matrices are very often ill-conditionedi

lll-Conditioned Matrices

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 17

A Worked Example

e Two data points and two features that are almost the same

x_ (1 1 2 = we (D)
“\1 1001) Y7 \2001 w=

e Change y2 by 0.001 (i.e. 0.05%)

v=(om) = == (3)

e The prediction for a new input « = (1,0)T jumps from 1 to 01
e The eigenvalues of X are about 2 and 0.00051

e w moved along (—1,1)7, the direction with the tiny eigenvalue,
which the data hardly constrainsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 18

lll-Conditioning in ML

e |ll-conditioning in machine learning occurs when a very small
change in the learning data causes a large change in the
predictions of the learning machinel

e In linear regression the matrix XX is typically ill-conditioned
when we have roughly as many data points as parametersl

e Much of machine learning is concerned with making learning
machines better conditionedl

e Adding regularisers is one approach to achieve thisl
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Where Does lll-Conditioning Come From?

e Too little data: about as many data points as parametersi
e Nearly collinear features, e.g. floor area and number of rooms, or
height measured in both cm and inchesl
The columns of X are nearly parallel so the data cannot tell us

how to share the weight between themi

e Polynomial features x,22%,...,2° for # € [0,1] all look alike: the
eigenvalues of XTX span about 13 orders of magnitudel

e Features on very different scales (income in pounds and age in
years)—easily fixed by standardising the featuresl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Least Squares in Practice

o w= (XTX)_IXTy is for understanding, not for computingl

e Never compute (XTX)fl; use a least squares solver such as
np.linalg.lstsqg(X, vy), which works with X directlyl

e Forming XX squares the ratio of largest to smallest eigenvalues:
108 becomes 106, beyond the ~16 significant figures of a doublel

e Standardise features (zero mean, unit variance) before fittingl
e When m < p, 1stsq returns the solution with the smallest

||w]||—one version of the “simplest” solution (we will see why
when we meet the SVD)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Three Regimes

m>p m=p m<p
over-constrained under-constrained

Exact fit? | usually not yes yes, many |

Unique? | yes (usually) yes (usually) | no

Method least squares w=X"ly pick “simplest”

e Real problems mix these: over-constrained in some directions and
(nearly) under-constrained in othersl

e The nearly under-constrained directions make the problem
ill-conditionedi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

Summary

e Linear mappings are commonly used in machine learning
algorithms such as regressionl

e Systems can be over-constrained, under-constrained or
ill-conditioned—often all at oncel

o We will often meet the pseudo-inverse involving inverting X' Xi

o Inverting an ill-conditioned XX amplifies noise in the datal
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Mathematics of Machine Learning

Eigenvectors, Orthogonal Matrices, Eigenvector Decomposition,

Rank

Eigensystems

T2

QOutline

1. Eigenvectors

2. Orthogonal Matrices

3. Eigen Decomposition

4. Low Rank Approximation

5. Non-Normal Matrices

Adam Priigel-Bennett

Mathematics of Machine Learning
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Eigenvector equation

e Eigen-systems help us to understand mappingsi

e A non-zero vector v is said to be an eigenvector if

Muv = Avl

e M is square (i.e. nxn)l

e Where the number )\ is the eigenvaluel

e Eigenvalues play a fundamental role in understanding operatorsl

Myv = \v

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/

Symmetric Matrices
e If M is an nxn symmetric matrix then it has n real orthogonal
eigenvectors with real eigenvaluesl

e We denote the i'" eigenvector by v; and the corresponding
eigenvalue by \; so that

Mu; = \;vil

e Orthogonal means that if i # j then

To . —
v; vj = 01

e (We can always normalise eigenvectors if we want)l

Adam Priigel-Bennett

Mathematics of Machine Learning

Proof of Orthogonality

//ecs-vlc.github.io/aice3001/

o (Mv; = \w;) " implies vTMT = A0

e When M is symmetric then Mv; = \jv; = v] M = \v]1

e Consider two eigenvectors v; and v; of Ml

T (T T
v; Mw; = (v; M)v; = \v, v;

= viT(Mvj) = )\jU;I—’Ujl

e So either \; = \; or vjv; =01

e If \; = \; then any linear combination of v; and w; is an

eigenvector (M(awv; + bv;) = Aj(av; + bv;))I So | can choose

two eigenvectors that are orthogonal to each other.l

Adam Priigel-Bennett Mathematics of Machine Learning
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QOutline

. Eigenvectors

. Orthogonal Matrices

1

2

3. Eigen Decomposition

4. Low Rank Approximation
5

. Non-Normal Matrices

Adam Priigel-Bennett

e \We can construct an orthogonal matrix V' from the normalised
eigenvectors (v

Mathematics of Machine Learning

T

Orthogonal Matrices

v =1)

\%

e Matrix V is an nxn matrixi

e Because the vectors v; are orthogonal and normalised

VTvi=

U1TU1

’U;’Ul

T
U, 01

’U;r’vz
T
Vy U2

T
v, V2

(’U],'UQ,“' 7'1)”)'

viv,

T
Vo Uy

T
VpUn

1
0

0

0 -« 0
1

0

//ecs-vlc.github.io/aice3001/

1

=1
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The Other Way Around
e We have shown that VTV =T

e Thus multiply both sides on the left by V

VVTV =W

e V will have an inverse (we show this on the next slide), V1,
such that VV~1 =T

Multiplying the equation on the right by V!

(vvhHvv-li=vv-i
vVl =1

e Note that, V™! = VT (definition of orthogonal matrix)1

Adam Priigel-Bennett
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//ecs-vlc.github.io/aice3001/

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/



Invertible Matrices

e A matrix, M, will be singular (not invertible) if there exists a
vector & (# 0) such that

Mz = 01

e Now if there exists such a vector such that V& = 0 then
multiplying by VT we get

Vive=V'o
=0

since VIV =1

e Thus V is invertiblel

Rotations
e Orthogonal matrices satisfy VIV = VVT =11
e As a consequence they define rotations (and possibly a reflection)i
e Consider a vector & and ' = Vx, now
2|3 = Tx= (V&) (Va)i= 2"V Vai= " zi= ||z||2
e Similarly if additionally ¥’ = Vy then

(@'y) = (Vo) (Vy)l= 2 VT Vyl= zTyl= (y)l= ||z||2]y]2cos(O)

e Rotations and reflections preserve lengths and anglesi

Adam Priigel-Bennett Mathematics of Machine Learning

QOutline

. Eigenvectors
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Matrix Decomposition
e Taking the matrix of eigenvectors, V, then

MV = M(’L}l,’UQ,...,’Un)lz ()\1171,/\2’027...,)\711}”)': VA

1
2. Orthogonal Matrices AL )(\) 0

. 0 A 0
3. Eigen Decomposition o where A = diag(A, Az, An) = | 0 1
4. Low Rank Approximation 0 0 An
5. Non-Normal Matrices o Now

M=MVVT =VAVT
e Very important similarity transformi
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Mappings by Symmetric Matrices

M= (G5 10) = vavr= (G G) (6 o) (otres ety

Z2

v 1

Inverses

e For any symmetric invertible matrix

M =VAVT M~ L=VA~IVT
1
A 0 0
Where A" = diag(t,L,....1) = | © 0
L ere - la‘g()\]v/\zt"'v/\n)_ . 1
1
0 0 =

e Since

= - 1= - 1
MM~ = (VAV) (VA 'VI= VA(VTV)A~IVT
=VAA ' VI=VvVT =11

e |l.e. small eigenvalues become large eigenvalues and vice versal

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 13

lll-Conditioning Again

3 0.80 0.01 0.25
M = {001 085 048

025 048 0.5

08 0 0
=v|[0 125 0 |VT
0 0 01

1.9 117 =21
M7= |[117 334 -38

—-2.1 -38 638
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Condition Number

e Taking matrix inverses can be inherently unstablel
e Any small error can be amplified by taking the inversel

e The stability of the inverse depends on the ratio of smallest
eigenvalue to the largest eigenvalue (i.e. the biggest possible
amplification compared to the smallest)l

e For symmetric matrices the largest |A| is the spectral norm,
[[M]|2, from the vector spaces lecturel

- N\ zf —0.7 e The condition number is given by
exy = | 0.17 125 0 0

—061) =V | 0 08 0]|VT ‘)\ ‘

—1 max
0010 1Ml > M7 |2 = ==

1 ‘ mln‘

e Large condition number implies very ill-conditionedi
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Rank of a Matrix

e The rank of a symmetric matrix, M, is the number of non-zero
eigenvaluesl

e The space spanned by the eigenvectors v,, v3, etc. with zero
eigenvalue forms a null spacel

e Any vector in the null space will get mapped to the zero vector

M (av, + bvy + ) = 01

e A square matrix is said to be rank deficient if it has any
eigenvectors with eigenvalue equal to O1

e This happens when the columns of the matrix are not linearly
independentl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 17

“Inverting” Rank Deficient Matrices

e Rank deficient matrices are non-invertible (i.e. we don't know the
vector & such that Ma = b) as we don’t know the component of
the  in the null spacel

e Although we don't know @ we can find a vector, x, that satisfies
Ma = b (provided one exists)i

e Given a symmetric n X n matrix with k non-zero eigenvalues Aq,
Mo, ..., A, we can construct a “pseudo-inverse” Mt as VATVT

where AT = diag(%l,/\%,...,/\ik,O,..A,O)I

e This finds the vector & with no component in the null spacel(it is
the solution with the smallest norm)i

e This and (XTX)~'XT are special cases of the pseudo-inverse we
meet with SVDI

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 18

Low Rank Approximation

e Recall that matrices with large and small eigenvalues are
ill-conditioned so the inverse has the potential to greatly amplify
any measurement errorl

e One work around is to set all small eigenvalues to zero and use
the pseudo-inversel

e Setting small eigenvalues to zero reduces the rank of the matrix
and is an example of a low rank approximationl

e Low rank approximations are much used to obtain approximate
models for arrays of datal(we will revisit this when we look at
SVD)I

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19

QOutline

. Eigenvectors

. Orthogonal Matrices

1

2

3. Eigen Decomposition

4. Low Rank Approximation
5

. Non-Normal Matrices
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Non-Normal Matrices

e Symmetric matrices are part of a class of matrices known as
normal matrices, which satisfy MM = MTMI(for real
matrices Mf = M)

e Hermitian matrices, H, are complex matrices that equal their
conjugate transpose: H = (HT)* = Hfi
e Hermitian matrices are also normal; they are important in

quantum theory, less so in machine learningl

e Normal matrices are exactly those with a full set of orthonormal
(possibly complex) eigenvectorsl

e Most non-symmetric real matrices are not normal (rotations are
an exception); their eigenvectors are more confusingl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Asymmetric Matrices

e For n x n real symmetric matrices we are guaranteed there are n
orthogonal real eigenvectorsl

e For non-symmetric matrices the eigenvectors will generally not be
orthogonal, they won't necessarily be reall

e We are not even guaranteed there will be n linearly independent
eigenvectorsl

e Matrices which don't have n linearly independent eigenvectors are
! has only onel
01 Y
e Randomly generated matrices will typically not be defective, but
nevertheless they can arise in certain situationsl

said to be defective, e.g.

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 2

Characteristic Equation

e Since our eigenvectors are defined by Mv = Av then
(M — AI)v = 0 has a solution v 0 only if det(M — AI) = 01

e This is known as the characteristic equation and leads to an n**

order polynomial in A\

th

e An n'" order polynomial has n roots (counting repeats), which

are in general complexi

e Thus even for real (non-symmetric) matrices we can get complex
eigenvaluesl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 23
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Complex Conjugate Pairs

e If M is real and \ is complex then v must be complex too,
otherwise Mv would be real but Av would notl

e Furthermore

Muv = \v — Muv* = N0

e So that eigenvectors and their corresponding eigenvalues exist in
complex conjugate pairsl

Left and Right Eigenvectors

e For symmetric matrices if v is a right-hand eigenvector in the
sense that Mwv = \v then v is a left-hand eigenvector

™M = \vi
e Earlier we used this property to show that the eigenvectors for

symmetric matrices are orthogonall

o For asymmetric real matrices the left-hand eigenvectors u" are

different from the right-hand eigenvectors, although they share

the same eigenvalues (they have the same characteristic equation)
Mo = \v uw'M = \ull

o As before, u]v; = 0 if \; # A;, but in general v]v; # 01

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 25

Eigen-Decomposition

e For a non-symmetric matrix, M, provided it is not defective, we
can decompose the matrix as

M =VAV~i

e A is a diagonal matrix of eigenvaluesl

e V is a matrix whose columns are the right-hand eigenvectorst—in
general it is not an orthogonal matrixi

e V~1lis a matrix whose rows are the left-hand eigenvectorsi(scaled
so that w/v; = 1)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 2%

Summary

e Linear mappings are commonly used in machine learning
algorithms such as regressionl

e We can understand symmetric operators by looking at their
eigenvectorsl
e Any symmetric matrix can be decomposed as M = VAVT

where V' is an orthogonal matrix whose columns are the
eigenvectors
and A is a diagonal matrix of the eigenvaluest

e This decomposition allows us to understand inverse mappingsl

e Non-symmetric matrices are more complext—we use the
eigen-decomposition less because of thisl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 27
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Principal Component Analysis (PCA)
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Spread of Data

e Often data varies significantly in only some directionsl

RJl

e Reduce dimensions by projecting onto low dimensional subspace
with maximum variationl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Looking is not Enough

Can't spot low dimensional data by looking at numbersi

3

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 3

Dimensionality Reduction

e Often helpful to consider only directions where data varies
significantlyl

e Want to find directions along which data has its greatest variationl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Direction of Maximum Variation

e Look for the vector v with [[v||? = 1 to maximise

Ry
1 m ) -%1
o= LS (T )

i=1 el

e This is a constrained optimisation problemi

e Solve by maximising Lagrangian

1 & 2
T 2
L= > (v @k =) = A(lv]* - 1)
m—1
k=1
1 e )\ is a Lagrange multiplier
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Direction of Maximum Variation
e Expanding the Lagrangian

£ o (W= ) = Aol 1
k=1
- ﬁ (vT(@r — p)(@p — ) Tw) = A(Jv]|* = 1)1
k=1

1 m
T T 2
=0T | ek e )T Jo = (ol - 1
=v'Co—A(vlv—1)
e Extrema of the Lagrangian

VL=2(Cv—Av)=0 = Cov =\l

Direction of Maximum Variation

e The eigenvectors are directions that are extrema of the variancel

e The variance in direction v is equal to

m
9 1

Tm— 1Z(UT($’7 - “))Zl

i=1

=v'Co=X\v'v=N\

e The variance is maximised by the eigenvector with the maximum
eigenvaluel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 8



Covariance Matrix

e The covariance matrix is defined as

1 & T
C=m;(ﬂ:k*,u)(f€k*lt) 1

Outer Product

e Remember that the outer-product of two vectors is defined as

T 1y T1Y2 -0 TiYn
T €2 T2y1 T2Y2 0 T2Yn
. . xy I= 1 1 EERI = 1
e The components C;; measure how the i*" and j** components Y : <J1 b2 J”) : : . :
co-vary Tn TnlY1 Tp¥Y2 -+ TnlYn
1 m
Cij = —— (fﬂik _ M) (ﬂfjk _ /,,j)| e C.f. Inner product
m—1
k=1
Y1
e C.f. covariance of random variables T N . Y2 . . .
T yl= (iLl Ty - ln) Tl =y rey2 + o anynl
COV(XaY) = E[(X - E[XD(Y - ]E[YD]I Yn
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Matrix Form

e The covariance matrix is

1 m

= e ) o)

e Define the matrix

X*;(w — U, Ty — by Ty, — )I
*m 1 M, T2 122 m 1Y

e We can write the covariance matrix as

Cc=xx"N

Properties of Covariance Matrix

e The quadratic form of a vector and matrix is defined as

v Mol

e The quadratic form of a covariance matrix is non-negative for any
vectorl
v Col= v XX vi=u"u = |[ul®> >0

where u = XTvl

e Matrices with non-negative quadratic forms are known as
positive semi-definitel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 1

Eigenvalue Decomposition

e The eigenvectors of C with the largest eigenvalues are known as
the principal componentsl

e The eigenvalues are all greater than or equal to zerol

e Recall an eigenvector v satisfies the equation

Cov = \vl

e Multiplying both sides by v
v Cv = \v'vi= \|v|2I
but ¥TCv > 0 and ||v[|? > Olso

.
A=t 0
gl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 12

Surface Defined by Matrix

e The set of vectors « such that
' Clez=1
defines a surfacel
e The surface is an ellipsoid, &I

e The eigenvectors point in the direction of the principal axes of the
ellipsoidi

e The radii of the principal axes are equal to the square root of the
eigenvaluesl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 13

Ellipsoid and Eigen Space

({—'M)'TC"(Z —uf=1’
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Spanning Input Space

e A covariance matrix will have a zero eigenvalue only if there is no
variation in the direction of the corresponding eigenvectorl

e A covariance matrix will have zero eigenvalues if the number of
patterns are less than or equal to the number of dimensionsl

e A covariance matrix formed from p + 1 patterns that do not all lie

" Vi in a hyperplane (i.e. the p differences &), — x; are linearly
- independent) will have no zero eigenvalues
. //’ N - ¥
/ " u *
[ ]
Q2
1 T
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Positive Definite

e Matrices with no zero eigenvalues are called full rank matrices
(as opposed to rank deficient)i

e Full rank matrices are invertible, rank deficient matrices are
singular and non-invertiblel

e Full rank covariance matrices have only positive eigenvalues and
are said to be positive definitel

e We would expect that when m > p the covariance matrix will be
positive definitelunless there are some symmetries that linearly
constrain the patternsi
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Principal Component Analysis

e PCA occurs as followsl

Construct the covariance matrixi

Find the eigenvalues and eigenvectorsl

Keep the eigenvectors with the largest eigenvalues (principal
components)i

Project the inputs into the space spanned by the principal
components I

e We then use the projected inputs as inputs to our learning
machinel

®

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/

Projection Matrix

e To project the inputs construct the projection matrix

-
v

1
p— |

T
Vg

e k < pis the number of principal components we keepl

e Given a p-dimensional input pattern o we can construct a
k-dimensional representation z

z=P(x—p

e Use z as our new inputsl
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Subspace Projection
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Hand Written Digits
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Eigenvectors

ye&n?
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F
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Reconstruction

e Projecting into a subspace of eigenvectors can be seen as
approximating the inputs by

k
=+ 5
j=1

Z=vi(@i—p), |vll=n

e Principal component analysis projects the data into the subspace
of dimension k with the minimal approximation error

E[”ﬁ}l — $2H2} 1

e The loss of “energy” (or squared error) is equal to the sum of the
eigenvalues in the directions that are ignoredi
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Eigenvalues for Digits
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Reconstruction from Eigenvectors
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PCA for Images

e An image often contains around p = 256 x 256 = 64k pixelst

e In standard PCA we would create an p x p matrix with over
4 x 107 elementsl

e This is intractablel
e m images span at most a m — 1 dimensional subspacel

e Usually this subspace will be much smaller than the space of all
images m < pl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Dual Matrix
e The covariance C = XX is a p x p matrixi
o Consider the m x m matrix D = X" X1

e Suppose v is an eigenvector of D

Dv = \vl
X"Xv = Aol
XXTXv = AXvl

CXv=XXvl = Cu=J>\u

o u = Xwl(and v oc XTu)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 28

Dual Matrix

o Matrices C = XX" and D = X" X have the same non-zero
eigenvaluesl

e Can use the dual m x m matrix D to find eigenvalues and
eigenvectors of CiI

o Note that D = X" X has components Dy o (x5, — p) " (z; — )i
e Takes O(p x m x m) time to construct DI

e We work in a “dual space” which is the space spanned by the
examplesl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

What Does a Subspace Look Like?
o Consider y' = (é) y? = @) with mean p = <§>I

o Subtracting the mean x’ = y* — 1 we can construct matrix

1.2
T *1 -3 3
X = T% ’1’% = (—1 j )l
x3 72
4L
. 2+
.R
| | N | |
T T U \\ T T
‘>"'/\~ -4 -2 w2 4
i 4 g -2 . T
. iy
1
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Summary

e PCA allows us to reduce the dimensionality of the inputsl

e We project the inputs into a sub-space where the data varies the
mostl

o We can work in either the original space (XXT) or the dual space
(X™Xn

e When we have many more features than examples (i.e. p > m)
then it is more efficient working in the dual spacel

e We will see examples of dual spaces again when we look at SVMsi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/
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Singular Value Decomposition (SVD)
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Singular Valued Decomposition, SVD, general linear maps
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Singular Value Decomposition

e One of the most important results in linear algebra is that any
matrix X can be decomposed as

X=Uusv'i

o If X is an m X p matrix then U is an m x m orthogonal matrix
and V is a p X p orthogonal matrixli.e.

uu'=uu=1,vvi =Viv=n

e And S is an m x p matrix with non-zero diagonal elements
Sii = s; known as the singular valuesl!

e Where did that come from?i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/

Eigen Decomposition

e Consider an arbitrary m x p matrix X, and construct the
(m + p) x (m + p) symmetric matrix, B, 1

0 X u uw

XT 0 v v

1
(%) is an eigenvector of B with eigenvalue si
e We observe that
Xv = su XTu = sl
X™Xv = sXTu= s*u XX u = sXvi= s*ul

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 3

Eigenvectors

e Note that as Xv = su and X"Tu = sv then
X(—v) = (—s)u X"y = (=s)(—v)

if (%) is an eigenvector of B with eigenvalue s then so is (* )
with eigenvalue —si

e If m < p then X"X is not full rank so some eigenvalues are zerol
e As a consequence p — m vectors exist such that Xv = 01

e The eigenvalues and eigenvectors are

r(a5)) e (ol3) o (a2
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Matrix Decomposition

e Stacking the eigenvectors into a matrix

0 X u u o

N 0 0
2 . R EEE -

e Since the vectors (ZI) are eigenvectors of a symmetric matrix
they form an orthogonal matrix if they are normalised.l

e Multiply on the right by the transpose of the orthogonal matrix

o X u u o . o of[ur wvr
- 0 o ur vt

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 5

Normalisation Subtlety

0 X 0 2USVT us -us o 0 2UusvT

X7 0 2vsur 0 vS§ Vs o0 2vsur [

e Multiplying out we have

X =2Uusv’ XT=2vsSTuh

e Now the vectors u; and v; form orthogonal sets as they satisfy
X™Xv = s?v XXTu = s%ul

e But they are not normalised (since (:Z> is normalised). If we
define U = Vv2U and V= V2V we find
X=Uusv’ XT=vsTuh

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

SVvD

o Any matrix, X, can be written as X = USVT

U, V are orthogonal matrices
S = diag(s1,52,...,8,) with 7 = min(m,p)i

e s; can always be chosen to be non-negative and are known as
singular values!

e If X is symmetric and positive semi-definite (e.g. a covariance
matrix) then U =V and S = A (the matrix of
eigenvalues)s—SVD is the same as eigen-decompositionl(for a
general symmetric matrix s; = [A\|)1

e Singular value decomposition applies to both square and
non-square matrices—they describe general linear mappingsi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7
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Spectrum of a Matrix

e The set of singular values (when ordered) is often referred to as
the (singular value) spectrum of a matrixi

e The largest singular value, $,,42, provides a measure of the
maximum change in the two norm of a vector

T .
va,am =usv Vmaal= SmazUmaa

where U4, and v,,4, are the columns of the matrix U and V
corresponding to sy,q.l(note [|v;| = [|u;|| = 1N

® Spax = ||X||2 is known as the spectral norm or 2 norm of a
matrix satisfying

HXZEHQ < Sma:l:HmHQI

with equality when @ = v,,,4.1

Finding SVD

e Most libraries will compute the SVD for youl

e In principle we can choose the smaller of the two matrices XXT
and XTX and compute its eigenvalues (libraries avoid this: it
squares the condition number)i

e The singular values are the square root of the eigenvalues (notice
that XX and X" X are both positive semi-definite so the
eigenvalues will be non-negative)i

e We can then compute the U matrix or V' matrix by multiplying
through by X or XT (U= XVS~!tand V=X"US )

e In practice to perform PCA most people subtract the mean from
their data and then perform SVDI
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Economical Forms of SVD Outline
e Often the rows or columns of the orthogonal matrices U and V
that are not associated with a singular value are ignoredi
X =u & X =u T . .
( ) ( )(\OS )( v ) ( ) ( )(Q)( v ) 1. Singular Value Decomposition 0 X u u
0 . 2. General Linear Mappings —s
X = u s T X = u s vr 3. Linear Regression Revisited XT 0 v v
S 0
= 0 = \
(] (N ()
e In numpy (which returns a vector s and VT)
U, s, Vt = np.linalg.svd(X) # full: U is m x m
# economical: U is m x r
U, s, Vt = np.linalg.svd(X, full_matrices=False)
1
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General Matrix Matrices

e Recall that we can compute the SVD for any matrix, Xi
e As matrices describe the most general linear mapping

v — T[v] = Xvl

e We can use SVD to understand any linear mappingl

e Thus any linear mapping can be seen as a rotation followed by a
squashing or expansion independently in each coordinate followed
by another rotationi

Mo (—0.45 19 ) _usvT— (:?:Ej;?; —Czlsr(.(_—lgs))) (2 0 ) (ws(n,o) —sin(75o))

077 0025 0 075) \sin(75%)  cos(75%)
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Determinants

e The determinant, [M| of a matrix M is defined for square

matricesl

e |t describes the change in volume under the mappingl
e Now for any two matrices |AB| = |A||B]1
e Thus M| = [U]|S||VTi

e For an orthogonal matrix |U| = +1isince
uu’ =Ii= [UUT| = [Ii= [U|[UT| = lior (U2 =11

e Thus

M| = £[Sji=£] s

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Non-Square Matrices

e When the matrices are non-square then the singular value matrix
will either

Squash some directions to zerol
Introduce new dimensions orthogonal to the vector

X = u

RS

e The rank of an arbitrary matrix is the number of non-zero singular
values (also number of linearly independent rows or columns)i

i)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 15
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Duality Revisited

o If X =USVT then

C=xx" D =X"Xi1
=usvvstu’ =vsTuusvh
=u(sshu’ =V(STS) VT

e If X is an m x p matrix then SST is an m x m diagonal matrix

with elements S2 = s

e STS is a p x p matrix with elements SZ = s

i

e Ul and V are matrices of eigenvectors for C and Di

e The eigenvalues of XXT and X™X are \; = S% = s

2
Hl

©
Il

SST and STS

s1 0 0 0 0
0 s 0 0 0y
0 0 sm 0 00 0
s; 0 0 0 0
0 s 0 0 0
0 0 s2 0 0--- o]l
0 0 0 0+ 0
0 0 0 0 0 0
s7 0 0

0 s3 0y

0 0 52

Adam Priigel-Bennett Mathematics of Machine Learning

Having A Go

o It's really easy to verify this in Pythoni

//ecs-vlc.github.io/aice3001/

import numpy as np
X = np.random.rand (3, 2)

Adam Priigel-Bennett

Mathematics of Machine Learning

//ecs-vlc.github.io/aice3001/

QOutline

1. Singular Value Decomposition

2. General Linear Mappings

U, s, Vt = np.linalg.svd(X) # s: vector, Vt: V transposed =S5
S = np.zeros_like (X) # rebuild the 3 x 2 matrix S . . . e s
np.fill diagonal(s, s) 3. Linear Regression Revisited X 0 v
U@ s @ vt # should equal X
Ul:, 0] @ U[:, 1] # columns of U are orthogonal
U.T @ U, U@U.T # both the identity
L, Ua = np.linalg.eigh(X @ X.T) # eigenvalues, ascending
S @ s.T # the same values: s squared
1
e Test yourself!l
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20
Linear Regression Matrix Form
. . 2
e Given a set of data D = {(zp.yp)|k = 1,2,...,m} e In matrix form we write L(w) = || Xw — y||
e In linear regression we try to fit a linear model m_lr n
X Y2
T X = .Z Yy = Yy ]
f(z|lw) =z wi .
e Which we fit by minimising the squared error loss o
e Then VL(w*) = 0 implies
m
_ 2 —1
L(w) = Z(f(a%\w) —yx)1 w* = (XTX) XTyi=X"y
k=1
e This is known as the pseudo-inversel
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22
Using SVD Pseudo-Inverse of S
e Using X = USVT then
-1
Xt = (XTX) XM
—2
—1
= (VSTSVT) 'vsTu s 0 8 g 0 8
T 53 TQ) ! S2
-1 = =
:v(sTs) vTvsTuTl S'S . . E 1 (S S) . E
-1 2 -2
—V(sTs) 'sTuNi=vstui 00 Sp 0 0 Sp
olfm>p s;h00 0 0 0 0
—1
550 0 0 0 . 0 s° 0 0 0 0
0 s 0 0 0 St=(STS) ST=| 0 0 =5’ 0 0 0
X' = BT =10 0 s 0 o1n . . . .
o : : 1
0 0 0 8 0 0 0 0 s,m 00 0

Adam Priigel-Bennett Mathematics of Machine Learning
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Moore—Penrose Pseudo-Inverse

o (XTX)_IXT needs every s; > 0: it fails if m < p or the columns
of X are dependentl

e The Moore—Penrose pseudo-inverse, Xt = VSTUT, just skips
the zero singular values: Sjt = 1/s; if s; # 0, and 0 otherwisel

i

e Over-constrained (m > p, all s; > 0): nothing changes,
w = Xy minimises |[Xw — y||%

e Under-constrained (m < p): infinitely many w fit the data, and
X"y picks the one with the smallest [w||I

If s; =0 then Xv; = 0: the data say nothing about w along
v;, so that component is set to zerol

e In numpy: np.linalg.pinv or np.linalg.lstsal

lll-Conditioned Data Matrix

e Recall that

w* =Xty =VvStuTyl

e If any of the singular values of X are small then ST will magnify
components in that directionl

e Any errors in the target y will be magnifiedi

e This leads to poor weightsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 25

Regularisation

o Consider linear regression with a regulariser

L(w) = [Xw —y|* +7]w|*

= wT(XTX + 7]I)w —2w Xy +y

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 2%

Regularisation Continued

e Using X =USVT
w* = (XX +91) " Xy
—V(STS+ 1) 'STUTy

e where
e Thus
S1
T T st 0 0
VL(w) :2(X X+nI)'w—2X yl 0 52 0
s5+n
—1 2 ..
. (STS—I—nI) ST = 0 0 S .. 0--- 01
e and VL(w*) = 0 gives 3t
—1 e Sp e
w* — (XTX+f/I) XTyI 0 0 0 S%-HZ 00 0
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Effect of Regularisation Summary

e Without regularisation if s; = 0 the problem would be ill-posed
(even S does not exist since s; ' would be ill defined) and if s, is
small then S* is ill-conditioneds

e Using $* = (STS + 7I) ST instead of S* then

Si

R 2
2n s s;+n

=

si=/1M 1

e Regularisation makes the machine much more stable (reduces the
variance)l

e Any matrix can be decomposed as X = USVT where
U and V are orthogonal (rotation matrices)i
S = diag(si,...,s,) is a diagonal matrix of non-negative
singular valuesl

e This describes the most general linear transformi

e The transform exploits the duality between XX and X X1

e In linear regression the pseudo-inverse involves the reciprocal of
the singular values, which can lead to poor generalisationl

e Regularisation improves the conditioning of the “inverse” matrixi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 29
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Mathematics of Machine Learning Outline
Optimisation

; . 1. Motivation ‘
T 22 - 1 2. Gradient Descent
’ : : 3. Why Gradient Descent is e ,
. j S Difficult - -

2= o~ @D’ ~(=1)% | () go—(2=1)*~0.5(y+1)*+0.1(z~3)(y—3)

Gradient descent, quadratic minima, differing length scales

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 1 Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/

ML = Optimisation MLP

e We can depict a neural network such as an MLP by a diagram

e Many learning machines can be thought of as functions of the
form
7 = f(xw)
(or more generally g = f(x|w))
e Given an input pattern (set of features) @« the learning machine
makes a prediction yi

e We try to choose the parameters w so that the predictions are e Stands for the function (§ = f(z|w))

goodi . )
9 = g(wig(wszr + wizs + by) + wig(wiz: + wiws + ba) + bs)

e In practice training a learning machine comes down to optimising

1
. where, for example, g(V) = ——1
some loss functionl ' ple, g(V) 1+e=V
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Training Computing Gradients

e L(w|D) is a complex function of the weights w

e Given a (labelled) training dataset
L(w|D)

D= {(mk,ykﬂk = 1,...,m}l

e We define an error or loss function that we want to minimise ~_ Wi

m

L(w|D) = %Z(.f(xkh”) oL

k=1

w2 1

e To minimise L(w|D) we compute the gradient V L(w|D)

o We then use the machine with the weights w* which minimise e For neural networks an efficient algorithm for computing the

L{w|D) gradient is known as back-propagation of errors (back-prop)l
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Outline Gradient Optimisation
e At a maximum or minimum (or a saddle point) VL(w|D) = 01
e Eg.
1. Motivation L= e~ @HDP==1? | g go—(@=D?=0.5(y+1)2+0.1(z=3)(y=3)
2. Gradient Descent
3. Why Gradient Descent is » .

Difficult T - .
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Gradient Descent

e For a simple function L(w|D) we can solve VL(w|D) =0
explicitlyl E.g. the linear perceptroni

e For non-linear functions we usually can’t solve this set of
simultaneous equationsl

e We can find a maximum or minimum iterativelyl

e If we know the gradient then we can follow the gradientl

Maximisation: w — w’ = w + rVL(w|D) 1
Minimisation: w — w’ = w — rVL(w|D) 1

Hill-Climbing

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 9

What Goes Right

e Almost all minima are quadraticl(Morse’s theorem)i

fx)

e Taylor expanding around a minimum z*

flx) = f@)+ (@—a")f'(a%) + %(L — ) f (@) +

o If x — x* is sufficiently small the higher order terms are negligiblel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 10

Newton’s Method

e If we were in a quadratic minimum

e then
F@)=ba—a), )=
® so
r — .’L‘* = f,(L) — f,(:l;)l
b f”(x)
e or
2t =1 — f/(x)|
f”(fl))

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 1

Newton’s Method

e This is Newton's methodi

e For non-quadratic functions Newton's method converges
quadratically provided we are sufficiently close to a minimumi

e If we are at a distance x — 2* = € from the minimum then after
one iteration we will be a distance of order €2 after two iterations
of order ¢4, etc.l

o If we are too far from a minimum we might go anywherell

e We should follow the gradient until we are near the minimumi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 12

Taylor’s Expansion in High Dimensions

e \We can generalise these results to many dimensionsl

e The Taylor expansion of a function f(x) about x

f(®) = f(mo) + (x — o) V f(ao) + %(CU — ) H(z — 20) + -1

where H is the Hessian matrix with elements

b @)

j= =
Y ox i ox j

o Newton's method in high dimension is

=z -H 'V f(xn
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Using the Second Derivative Outline
e If we are optimising n parameters the Hessian is an n x n matrixi
e It is time-consuming to computel(and prone to errors when 1. Motivation
coding)i—for deep learning it is impossible even to store the .
.g) P € P 2. Gradient Descent
Hessiani
3. Why Gradient Descent is ]
e Away from minima they can be misleading Difficult B - __—
P e
3 1
=| f(z) <0
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Step Size

e Gradient descent
' =x—rV[f(z)

Step Size

e ax—rf(z)

e Need to choose the learning rate or step size, 7l f@) =a®
e Too small a step takes lots of timel \ /
e Too large a step takes you away from a minimumi \\ //
]j
T
r=0.05 r=02 r=209
1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 17 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 18

Higher Dimensions

o In higher dimensions the problem is that there are some directions

you need to move a long wayl

Getting There Quicker

e Increasing the step size speeds up convergence, but the direction
of steepest descent doesn’t point to the minimumi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19

More Haste Less Speed

e Increasing the step size, just a little further, increases the rate of
convergence in one direction, but . . .1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Linear and Quadratic Convergence

e Near a minimum, along each eigenvector of the Hessian, a
gradient step multiplies the error by (1 — 7)1

e Stable only if 7 < 2/Amax, so the flattest direction shrinks by only
about 1 — Ain/Amax = 1 — 1/k per step (x is the condition
number)i

e A constant factor per step is linear convergence; Newton squares
the error: quadratic convergencel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Line Minimisation

e We can systematically seek the minimum along a line of the
gradientl

0k 4
5 —4r —— linear (GD) 7
ol super-linear (BFGS) |
g% —— quadratic (Newton)
=l i
" ‘ ‘ _ rounding error
5 10 15 20 25 30
iteration 1
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N
Zig-Zag

e Note that in narrow valleys line minimisation zigzags (each step is
at right angles to the last)

e If we computed the Hessian and used Newton's method we would
jump straight to the minimum if we were in a quadratic potentiall

e However computing the Hessian is time consuming and misleading
if we are not in a quadratic potential (i.e. far from the optimum)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 23
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Better Optimisation Algorithms

e Good optimisation algorithms use second-order (curvature)
information without computing the full Hessiani

e E.g. Conjugate gradientl

Performs Line Minimisationi

Uses gradient, but does not go along itl

For a quadratic minimum in d dimensions it reaches the
minimum in d stepsl

e E.g. Levenberg-Marquardti

Used on least squares problem onlyl

Uses linear approximation of function to approximate Hessiani
Adapts from hill-climbing to Newton methodi

Avoids line-minimisationi

BFGS and L-BFGS
e BFGS (Broyden—Fletcher-Goldfarb—Shanno) is the most widely
used quasi-Newton methodi

o It builds an approximation B ~ H™! from how the gradient
changes from one step to the next

B (Vf($t+1) - Vf(%)) =Ty — Tl

e Steps ;11 = x; — aBV f(x;), with a line search for a1
e Converges super-linearly without ever computing the Hessiani

e B is N x N; L-BFGS keeps only the last ten or so steps instead,
so its memory is O(N)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 25

Levenberg-Marquardt
e Want to minimise ||e(w)]|? where €;(w) = f(z;|w) — yi
e Use linear approximation
ei(w) = ei(w™) + (w — wh) Ve (w®)
with Ve;(w®) = W f(z;|w®)

e Solve quadratic minimisation of approximate error
argmin,, Lapprog (w) with J = Ve(w(k>)

le(w™) + J(w — w™®))|A
e(w™)Te(w™) + 2(w — w™) T e(w™)
+ (w —w™) T (w — w™)

Lappwmc(w)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 2

Trust Region

e Solution given by V ,Lapproz(w) = 0 gives

w(k+1) _ ,w(k) o (]T])illTe(’w(k'))l

e Can lead us in the wrong directionl
o Instead use w1 = argmin,, Lopprox(w) + v|Jw — w®)||?

wFD — ) _ (]T] + VI)_llTé(w(k))l

e v limits the step sizel

e If predicted reduction in error is accurate then reduce v, else if
predicted reduction in error is very poor increase vl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 27

Rosenbrock: ¢ = 10(zs — 2), 2 =1 — 1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 28

Where Are These Used?

e For up to thousands of parameters (L-BFGS: millions), with
gradients computed from all the datal

o Logistic regression: scikit-learn’s default solver is L-BFGS;
Newton's method for generalised linear modelsl

e Gaussian processes: fitting the kernel hyper-parameters with
L-BFGSI

e Curve fitting (non-linear least squares): Levenberg—Marquardt,
e.g. SciPy's curve_fitl

e Support vector machines: a quadratic programme (later
lectures)i

e With millions to billions of parameters and mini-batches of data
we need different methods: next lecturel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 29

Summary

e There are some non-gradient methods (Nelder Mead,
evolutionary strategies, Powell's method), but in very high
dimensions these are not very competitivel

e There are gradient methods (first order methods) that suffer
from the problem of having to choose a single step size with
conflicting requirements in different directions; they converge
linearlyl

e Newton’s method (a second order method) requires computing
the Hessian matrix, converges quadratically, but can take you in
the wrong direction if you are not sufficiently close to a minimumi

There exist a number of quasi-Newton methods (BFGS,
conjugate gradient, Levenberg-Marquardt, etc.) that approximate
Newton's method often without explicitly computing the Hessiani

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 31
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Mathematics of Machine Learning
Stochastic Gradient Descent

SGD, momentum, step size, RMSProp, Adam, learning-rate
schedules

QOutline

1. SGD
2. Momentum

3. Loss Landscapes
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The Next Step

e In most machine learning problems we design a network and a
loss functionl

e The rest requires simple optimisationl

e Although Newton and Quasi-Newton methods ensure rapid
convergence for many tasks this apparent advantage is illusoryl

e Since the rise of deep learning, gradient descent and its variants
have become dominanti

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 2

Mini-Batch Learning

e Rather than computing the gradient of the loss function, e.g.

VLD(w):%V > L(f(x|w),y)
(

x,y)eD

e We often compute an approximation

VLB(w):%V > L(f(zlw).y)

(z,y)eB
e where B C D is a randomly sampled subset of the training setl

e Usually |B| < |Dfi
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Stochastic Gradient Descent

e Stochastic gradient descent (SGD) follows the gradient of
mini-batchesl

e Computationally this is efficient because it is much quicker to
compute VLp(w) than VLp(w)i

e The batch gradients add noise (are stochastic) as we are only
sampling the datasetl

e This noise might help escape local-minimal(but I'm not sure there
is compelling evidence for this)i

e Taking many smaller steps of approximate gradients reduces the
likelihood of divergencel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 4

Automatic Differentiation

e For gradient descent we need to compute the gradient
e For most of my life this was just a painl

e You guys have it easy, modern deep learning frameworks do this
for you automaticallyl

e This is a game changer!lWe are no longer afraid of large modelsl

e We can differentiate through algorithms allowing us to train
incredibly sophisticated networksl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 5

Convergence

e Asymptotic convergence of gradient descent (and SGD) is slower
than quasi-Newton methodsl

e But there are three reasons why we don't really carel

For complex models we spend a lot of time before we are close
to a quadratic minimum where asymptotic convergence kicks inl
These days we often use ReLUs (rectified linear units) which are
not differentiable at 0. The convergence we discussed depends
on a Taylor expansion that assumes a smooth (twice
differentiable) lossl

We want to minimise the generalisation error, but are only
minimising a poor surrogate, namely the training error

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 6

QOutline

1. SGD
2. Momentum

3. Loss Landscapes
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Recap: One Step Size, Many Curvatures
e The Hessian has a spectrum of
eigenvalues: some directions are steep,
others nearly flatl A

andn (100,100)
o

=n

e One step size r must satisfy 7 < 2/Apax,
or we diverge (and quickly get NaN

M
ig(H)
L)

3004

Lo

errors)i =
2004

e The flat directions then shrink by only 1907
about 1 — 1/k per stepl 1007

e This seems hopelessly slow} yet plain SGD o~
(nearly always with momentum) is widely
used in deep learningl

Momentum

e In high dimensions we zig-zag:

stepping consistently in directions with low curvature
jumping backwards and forwards past the minimum in
directions with high curvaturel

e By introducing “momentum” we can increase our steps in low
curvature directions and decrease them in high curvature
directions

v(t +1) =yo(t) = rV f(z(t))
z(t+1)=x(t)+vt+ 1)

0 <7 < 1 sets how much velocity is kept (1 — v acts as friction)l

Adam Priigel-Bennett Mathematics of Machine Learning

Gradient Descent with Momentum

//ecs-vlc.github.io/aice3001/ 9
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Nesterov Momentum
e Nesterov's variant takes the gradient where momentum is about
to carry us
v(t+1) =vv(t) —rVf(x(t) +vv(t))
x(t+1)=a)+o({t+ 1)

o With well-tuned momentum the number of steps needed scales as
V/k rather than xl

e The convergence is still linear: momentum fixes the condition
number, not the order of convergencel

e On convex problems Nesterov reaches error O(1/t?) rather than
O(1/t), the best any gradient method can do (much more in
COMP6260, Optimisation for Machine Learning)i
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Adaptive Methods

e A major difficulty of high dimensional optimisation is the
existence of different scalesl

e That is, there are some directions where we have to move a lot
(low curvature), while other directions we have to make small
stepsl

e In adaptive methods we use a dynamic algorithm to rescale the
step size of each parameter (weight)l

e We can think of this as a “regularisation” that makes our basins
of attraction more sphericall

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 12

Rescaling Co-ordinates
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RMSProp

e Rescale each coordinate by the typical size of its gradienti
e Keep a running average of the squared gradients

aLB@u@D)QI

Si(t4+1) = (1 —7)Si(t) +7< dw;(t)

e and divide the step by its square root

r o OLs(w(t),
Si(t+1)+e Owi(t)

wi(t + 1) - wl(t) —

e Steep directions take small steps and flat ones large steps: each
weight moves about r per step, whatever the scale of the lossl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Adding in Momentum

e RMSProp has no momentum (one argument is that rescaling has
already “regularised the landscape” )i

e Nevertheless we can learn a momentum term

M(t+1) = (1 - B)M;(t) + ﬂ%
2
Si(t+1) = (1= )Si(t) + 7 (%ﬁ’t@)) .

e Starting from M;(0) = S;(0) = 0 biases these averages towards
zero at first, which we correct
) Mi(t+1) .
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ADAM

e Adaptive Moment Estimation (Adam) adapts the scale of the
parameters, but also uses momentumi

e Update weights

—— NM(t+1n
\/Si(t+ 1)+ €

e Adam and its variants are very successful in deep learning: a
network often learns with Adam when it would not with SGDI

w;i(t +1) = w;(t) —

e AdamW applies weight decay directly to the weights,
w; <— w; — rnw;, rather than through the loss, where Adam's
rescaling would weaken it; the default for transformersi

Covariant Equations
e Vector arithmetic, (matrix multiplica-
tion, addition, multiplying by a scale,
computing gradients) has a covariant

property that it is invariant to the co-

ordinate systemi
e That is we can translate and rotate our

coordinates and get the same resultl ’
e That is not true of element-wise multi-

Can't rescale
coordinatesl

plication of vectorsl

e Many ML algorithms do this (including
RMSProp and Adam), but they aren't
invariant if we rotate our coordinatesl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 17

Correlated Weights

e Correlated weights will lead to skewed
valleysl

e Adaptive methods would be more efficient
if they were rotationally invariantl

e However, this would slow down the
algorithmi

e ADAM is a compromise between speed of
implementation and effectivenessl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 18
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Loss Landscape

e A useful concept for understanding optimisation is the loss
landscapel

e For every value of the weights w there is some loss associated
with itl

o Note that this landscape is very high dimensional, so our intuition
can be a bit misleadingl

e The landscape is also huge

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Global and Local Minima

e Our objective is to minimise our lossl
e This would mean finding the global minimumi

e For non-convex losses no efficient algorithm is guaranteed to find
the global minimumi

e The best we can hope is to find a local minimum by doing
gradient descentl

e In practice, our landscapes are so large that we are probably
unable to find even a local minimumi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Noisy Optimisation

e Because we are using mini-batches we aren’t actually following
the correct gradientsl

e If we reduce our step size then our average gradient is closer to
the true gradientl

Thus our optimisation is inherently noisyl

e At least for deep learning there is no evidence that the weights
stop changing even after learning for a huge amount of timel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

Valleys in Valleys in Valleys

e My view of the loss landscape is that we have valleys inside bigger
valleys inside bigger valleys, and so onl

e If our noise is high (we use large step size), we can navigate away
from local valleys and move towards the big valleyl

e But, we can't explore the small valleysl

e Often when the rate of improvement slows down, practitioners
will reduce their learning rate by a factor of 10 and the rate of
improvement jumps upl

e Some practitioners cycle through raising and lowering their
learning rates which may speed up convergencel
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Reducing the Step Size

wiistL) =) BNk o))

Learning-Rate Schedules

e Large r early: noisy steps cross the small valleys and find the big
onesl

e Small r late: settle into a valleyl

constant step decay
r r —|
time time
warm-up + cosine cyclical
f« P
time time 1

e A short warm-up stops the first steps diverging before Adam's
running averages have settled; common for transformersi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 25

Symmetries

e When training neural networks (deep or shallow) there are
typically many symmetriesl

e Examples come from permuting the neurons (or filters in CNNs)
within a layer, together with their weightsl

TN
SBSBIN

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 2

More Symmetries
e With n hidden nodes there are n! symmetriesi

e For odd activation functions such as tanh, multiplying all the
input and output weights of a node by —1 gives the same networkl

e There are also continuous symmetries. For linear networks with
two layers performing a mapping WoW/; then for any invertible
matrix U (where UU~! =)

WoW, = WoIWil= W (UL HWii= (WL L) (U Wi )i

so a network with weights W, = WoU and W) = U~W; will
perform the same mappingl

e There will be a huge space of equivalent networksl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 27

Skip Connections

== i
Skip Connections Lt H

oIy
nmey /

e Breaks permutation symmetryl Used in Resnets, transformer, etc.l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 28

Symmetries
I

e The landscape potentially has a huge
manifold with the same losses (neutral
network )l

e Find solution close to startl

e We should think of optimisation more
as a process of travelling than a process
of arrivingl

e Of course even if we do minimise our
loss we are not guaranteed to minimise
our generalisation performancel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 29

Lessons

e SGD together with automatic differentiation has revolutionised
machine learningl

e There are a number of techniques to get the step size rightt
momentum (and Nesterov)l adaptive step sizes (RMSProp)i
Adam and AdamWj learning-rate schedulesl

e Still need to understand that we are exploring a huge and
complex loss landscapel

e What works is problem specificl(as always)i
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Mathematics of Machine Learning

Constrained Optimisation

Lagrangians, Inequalities, KKT, Linear Programming, Quadratic
Programming, Duality

QOutline

1. Constrained Optimisation
2. Inequalities -

3. Duality
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Optimisation with Constraints

e There are a number of important applications where we wish to
minimise an objective function subject to inequality constraintsl

e A prominent example of this is support vector machinesl

e More generally there are a large number of kernel models that
involve constraintsl

e However, constraints are ubiquitous in machine learning (e.g. in
Wasserstein GANs)i

//ecs-vlc.github.io/aice3001/ 1
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Solving Constrained Optimisation Problems

e Suppose we have a problem

min f(x) subject to g(x) =01

e A standard procedure is to define the Lagrangian
L(z,a) = f(z) —ag(z)
where « is known as a Lagrange multiplier
e In the extended space (z,«) we have to solve

maxminL(z, )l
[e% T

Adam Priigel-Bennett Mathematics of Machine Learning

Conditions on Optimum
e The optimisation problem is

mgxn;inﬁ(w,oz) where  L(z,a) = f(x) — ag(z)

e Assuming differentiability

V.L(x,a) =V, f(x) —aVg(x) =0

//ecs-vlc.github.io/aice3001/ 3
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Note on Gradients

e Note that for any function f(z) we can Taylor expand around g

. . . 1
f(@) = f(@o) + (x — o) Vauf (mo) + 5(37 — @) H(w — x0) + ...
where H is the matrix of second derivatives known as the Hessianl

e If we consider the set of points perpendicular to V f(x¢) which

oL )
B0 = —g(z)=0 go through x (the tangent plane), these will have values
«
- 4 condition ie fust the conctrains e~ 0) 79 o) = 0} s T )
e The second condition is just the constrain 5
! f(@) = f(@o) + O}z — ao*) *
. N _ - ) .
o But what about first condition: V.f(x) = aVag(z)n thus V,f(x) is always orthogonal to the contour linesl
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Constrained Optima Example
1
e Minimise f(x) = 22 + 2y> — 2y
e Subject to g(z) =2 — 2y —3 =01
e Writing £ = f(z) — ag(x)l
e Condition for minima is V,£ =0
2z —y 1
V.f(x) = =aV.g(x) =«
@)= (270 < avagte) =)
oL L9, —
and 3% = —g(xz) =~z +2y+3=01
e Solving simultaneous equations gives the minimum at
(z,y) = 3,—3) with o = 21
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 8



Surface Saddle-Point y = —9/8

f(z,y)
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Multiple Constraints Example

e Given an optimisation problem with multiple constraints L .
P P P o Minimise f(z) = 22 + 2y + 52% — xy — 22 subject to

min f(x) subject to gg(x) =0 for k =1,2,...,m1 gi@) =2 —-2y—z-3=0and ga(x) =22 +3y+2—-2=01
x
Writing £(z,a) = - - I
e We introduce multiple Lagrange multipliers * Writing L(2,0) = f(2) — a19:(x) — a202(2)
m e Condition for minima is V,£ =0 or V,f(x) = Zzzlakvmgk(m)
L(m,a) = f(x) = Y argu(@)
k=1

20—y — 2 1 2
—x 44y =a1| 2| +as|3
e The condition for an optimum is V,L(x,c) = 0 which implies 102 — o -1 1
G a
L _ _
V.f(z) = Zakvwgk(w)l and 55 = —gi(z) =00
k=1
o e Solving simultaneous equations gives the minimum at
.. . z.o) o 37 11 1 H — 13
plus the original constraints Do = gr(x) =01 (3, -1 —35) with ag =3 and ap = 241
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Outline Inequality Constraints

e Suppose we have the problem

1. Constrained Optimisation minf(z) subject to g(a) > O1
x

2. Inequalities

3. Duality e Looks much more complicated, butl
e Only two things can happen
Either a minimum, a*, of f(x) satisfies g(z*) > 0
+ We then have an unconstrained optimisation problemi
Otherwise, it satisfies g(z*) =0
* We have a constrained optimisation problemi
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 13 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Inside Region On the Boundary
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KKT Conditions

e To minimise f(x) subject to g(x) >0
L(z,a) = f(z) —ag(zn
e Then VL =0 or

V.L=V,f(x) — aV,g(x)=0

e with @« > 0 and ag(x) = 0: either & = 0 (the constraint plays no
part)lor a > 0 and g(a) = 0 (the solution is on the boundary)i

e These conditions are known as the Karush-Kuhn-Tucker
conditionsl

Many Inequalities

e Given the problem

minf(z) subject to gi(x) >0 for k =1,2,...,ml
x

e We introduce multiple Lagrange multipliers
m
Li@.a) = f@)— Y arge(@)
k=1
e The condition for an optimum is

V.f(x) = Zakvmgk(w)l
k=1

e Plus, for each k, a, > 0 and aygx(x) = 01

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 17
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1. Constrained Optimisation
2. Inequalities

3. Duality
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Solving the Lagrangian for =

o Consider minimising a function f(x) subject to a set of
constraints g;(x) = 0 or g;(x) > 01

e We can consider this a double optimisation problem

o« xT

maxminL(z,a) = mgxrr;in (f(m) — Z%Qz(m)>

where «; > 0 for each inequality constraintl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19

Dual Problem

o If f(z) and g;(x) are simple we can sometimes find a set of
variables *(a) that minimises the Lagrangian

VL(z" (o)) =01

e This leaves us with the dual problem

mgxﬁ(w* (),

e If we had an inequality constraint g;() > 0 then we would have
the additional constraint in the dual problem «a; > 01

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Linear Programming

o In linear programming we minimise a linear objective function ¢’z

subject to linear constraints g(x) = Ma —b =0 (or g(x) > 0
with > 0)1

e The Lagrangian becomes
L(z,0) =c'z —a"(Mz —b)
e An equivalent way of writing the Lagrangian is
L(z,0) =ba — a:T(MTa —o)l

e An entirely equivalent interpretation is that we maximise an
objective function bT v subject to constraints MTax — ¢ = 0 (or
MTa — ¢ < 0 with e > 0N

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Linear Programming Example

e Suppose we eat potatoes and rice and we want to ensure that we
get enough vitamin A and C1

Potatoes | Rice | Daily Requirement
Vitamin A 3 5 20
Vitamin C 5 2 24
Price 5 4

e We want to buy P kg potatoes and R kg of rice as cheaply as
possible subject to fulfilling our vitamin requirementl

min5P + 4R
PR

subjectto P,R>0, 3P+5R>20 and 5P +2R > 24

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

Linear Programming

e Minimise 5P + 4R

e Subject to
3P +5R > 20

5P+ 2R >24
P.R> 01

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 23
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Lagrangian

e \We can write the problem as a Lagrange problem

minmax 5P +4R — A(3P +5R—20) — C(5P 4+ 2R —24)
PR AC

e subject to P,R,A,C > 01
e A and C are Lagrange multipliers for vitamin A and Ci
e We can rearrange the Lagrangian to obtain

maxmin 204 +24C — P(3A+5C —5) — R(bA+2C —4)
AC PR

Dual Problem

e The Lagrangian
maxmin 204 +24C — P(3A+5C —5) — R(5A+2C —4)i
A,C PR
leads to the dual problem

max 20A + 24C
A,C
subjectto 3A+5C <5 5A+20<4 AC>0
e Consider someone selling vitamins A and C. They want to

maximise the price of vitamins A and C, but their prices cannot
exceed the price of the vitamins in potatoes or ricel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 25

Dual Linear Programme

e Maximise 20A + 24C'

e Subject to

344+5C <5
5A+20 <4
A,C >0

O

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 26

Why?

e Why are we bothered about translating one linear programme into
another?l

e Sometimes one form is massively easier to solve than the otherl

e This is because the first linear programme depends on the
dimensionality of & while the second linear programme depends
on the number of constraints (or dimensionality of a)i

e This is important, for example, in Wasserstein GANsI

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 27

Quadratic Programming
e A quadratic programme involves minimising a quadratic function
xTQz (with Q > 0) subject to linear constraints M@ = b (or
Mz > b)
e \We can define the Lagrangian
L(z,a)=2"Qx — o (Mz — b)
o Where the solution is given by maxminZ(x,a)l
(e xT

e If the constraints are inequality constraints then a; > 01

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 28

Solution to Quadratic Programming Problem

e Using
L(z,a)=z"Qx —a"(Mz — b)i
e Then
Va.L(x,0) =2Qx — M'ad
e So V,L(x,a) =0 implies

1
x" = §Q71MTOL|

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 29

Dual Quadratic Programming Problem

e Substituting * = %QflMTa into
L(z,a) =2"Qx — o' (Mz — b)I
e We get the dual problem
Lt —IaT T
max — o MQ " Ma+a' bt
(a3
e |f the constraints were inequality constraints then we have a; > 01

e We have exchanged one quadratic programme for another, but
sometimes that is very useful (e.g. SVMs)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 30

Lessons

o A useful tool for performing constrained optimisation is the
introduction of Lagrange multipliersi

e This is particularly useful for problems with unique solutions (it
will work when there are multiple solutions, but finding many
saddle points is a pain)i

e For inequality constraints we need to satisfy KKT conditionsl

e For simple situations (linear and quadratic programming) we can
eliminate the original variables to obtain the dual problemi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 31
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Convexity
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Conver sets, conver functions, Jensen’s inequality
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Convex Regions

Convex region

e Convex regions are familiar 1

e For any two points « and y in a region R then for
any a € [0,1] if

Non-convex region

z=ax+(l—a)yeR

e then R is a convex regionl %

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 2

Convex Sets

e For any set, S, where addition and scalar multiplication is defined
(e.g. a vector space) then:

If for any two elements x,y € S and any a € [0,1]
z=ax+(1—a)yesS

then S is said to be a convex setl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 3

Positive Semi-Definite Matrices
e Recall that a matrix M is positive semi-definite if for any vector v
v Mo > 01
(i.e. any quadratic form of the matrix is non-negative)l

e (We showed this also implies that all the eigenvalues are
non-negative)l

e We denote the fact that M is positive semi-definite by M = 0,
and M > 0 if it is positive definitel

e The set of positive semi-definite (PSD) matrices (or kernels) form
a convex setl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 4

Proof

e Consider any two arbitrarily chosen PSD matrices M and Mo
and any a € [0,1] then let

Mz =aM; + (1 —a)Mal

e Then for any vector v
v"™Mav =0T (aM + (1 — a) My)vl
av"™Myv + (1 — a)v"Maul

amy + (1 —a)ms

where m; = v"M v and my = v' Myul

e But mq,mq > 0 since M;,My = 0.1Thus am; + (1 —a)mg > 0
andso M3 >0 [

Adam Priigel-Bennett Mathematics of Machine Learning
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Convex Functions

e Any function f(x) is said to be a convex function if for any two
points 2 and y and any a € [0,1]

flaz+ (1 —a)y) <af(z)+ (1—a)f(yh

fl=)

T T
z az+(1—a)y Y 1

Adam Priigel-Bennett Mathematics of Machine Learning
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Epigraph

e The epigraph of a function is the area that lies above the
functiont

e The epigraph of a convex function is a convex region

f(@) =a? f(z) = —log(x)

epigtaph epigraph

T

Convex-Down or Concave Functions
e Any function, f(x), that satisfies the inverse inequality
flaz+ (1 —a)y) = af(z) + (1 —a)f(yh

for any points z and y and any a € [0,1] is said to be a
convex-down or concave functionl

e Everything true for a convex(-up) function carries over to a
convex-down function with a small modificationi

e If f(x) is a convex-up function then g(z) = —f(z) is a
convex-down functionl

e The area that lies below a convex-down function is a convex
regionl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/

Examples

Convex-Up Functions

z -2

N ALY

Convex-Down Function

_g? 4

z

s

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 10

Linear Functions
e Linear functions are given by

flz)=mz+a

e They satisfy the equality
flaz+ (1 —-a)y) =af(z)+ (1 —a)f(yn

e As such they are both convex(-up) and convex-down functioni

]

e |z| is a convex-up function 1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/

Strictly Convex Function

e Functions that satisfy the strict inequality (for 0 < a < 1 and

x#y)
flaz + (1 -a)y) <af(x)+(1—a)f(y)
are said to be strictly convex functionsli

e A strictly convex-down function satisfies the reverse strict
inequalityl

e Strictly convex-(up or down) functions don't contain any linear
regionsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 12

Convexity in High Dimensions

o If f:R"™ — R (i.e. f(x) maps high dimensional point € R" to
a real value) satisfies

flaz+ (1 —a)y) <af(z) +(1-a)f(y)

for any ,y € R" and any a € [0,1] then f(z) is a convex
functionl

o |lz[|3 = X7 is a (strictly) convex functioni
7

e |[z|; = > |x;| is a convex functionl
i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Properties of Convex Functions

e Convex functions lie on or above any tangent line
F2) > fa) + (@ —a*) fa* 0

$2

A

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Second Derivatives

e As f(xz) lies on or above its tangent line then for any ¢ > 0
flate) > f'on
therefore f”(x) = lime_o(f'(z +¢€) — f'(x))/e > 0 at all points 1
e In high dimensions a convex function lies above its tangent plane

fla) > f(@") + (@ — ") V)

e The matrix of second derivatives (the Hessian) must be positive
semi-definite at all points «

2 f(z)
dxq 0z
o2y
H= o f(=z) = ol
Bxa0a] da?
. .
* > 7
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Proving Convexity

o f(x) =z is strictly convex as f"(z) =2 > 01
o f(x) = e is strictly convex as f"(z) = c%e“* > 0
e f(xz) =log(x) is strictly convex-down as f”(z) = fﬁ < 0n

o f(x,y) = *72 is convex for y > 0 as

P fzy) O fy) 2 _2e
H=| 2" Jzdy y v = 3( y? _-7531>|
T\ @y PP, 2z 2 =3\ 2
: Bfu(gf) - {)(;2 2) 'yg :uJg Yy Ty x

o Now T' = trH = (a* + %), D = det(H) = 01

e M2=T/2+/T/A-D={0.T} = {0,251 > 0= H-0r

Sums of Convex Functions

e For any set of convex functions fi(x), f2(z), ... and any set of
non-negative scalars aj, as, ... then

9(x) = > aifi(x)
is convexli

e Proof
¢@) = el @)

but f/'(z) > 0 so g”(x) is a sum on non-negative termsl

e This generalises to higher dimensions as the sum of PSD matrices
times positive factors is a PSD matixi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 17

Convex Functions Defined on Convex Sets

e All the properties we have discussed hold for functions defined on
a convex setl

e sin(z) is not generally neither convex up or downi

e sin(z) for z € [0,7] is convex-downl(its second derivative —sin(z)
is less than or equal to 0 in this range)i

e For a convex function defined on a non-convex set, S, there exists
points x,y € S such that for some a € [0,1] there will be points
z=ax+ (1 —a)y ¢ Si(the function isn't defined on such points)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 18

Constraints

e Often we impose constraints on the set of points, e.g.

T

x; >0 ax=>0 "Mz < 11

e Linear constraints (e.g. ¥; >0 or a'z = b or a’x < b) always
define a convex regionl

e Multiple linear constraints always define a convex regionl
e Non-linear constraints may or may not define a convex regionl

({x € R"|J2™™z < 1,M = 0} does while
{z € R"|z2"TMz > 1,M = 0} doesn't)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19

Unique Minimum

e Strictly convex function have a unique minimumi

e The existence of a local minimum would break convexityl

The line connecting a local minimum to
a global minimum would be strictly
decreasingl

Thus there are points next to the local
minimum with lower valuesl
This is a contradictionl

e This remains true if we consider convex functions that are
constrained to live in a convex setl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Convex Set of Minima

e If f(x) is convex but not strictly convex then there might exist
a convex set M C X of minima such that for all ,y € M and
any z € X we have f(x) = f(y) < f(z)

e This set of minima is convex, that is, if ,y € M then for any
a € [0,1] the point z =ax + (1 —a)y € M1

e The sum of a convex function, f(x), and a strictly convex
function g(x) will always be strictly convex since

f'(@)+¢"(x) >0

as f"(z) >0 and g"(z) > 01

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Linear Regression

e For linear regression the loss function
Lw) = [ Xw — y||* = w X Xw - 20Xy + y"y
is convexl

e Since the Hessian H = 2X "X = 0 (positive semi-definite)i
(For any vector v then v"Hv = 20 X Xv = 2||Xv||? > O}

e If H = 0 there will be a unique minimal while if H has some zero
eigenvalues there will be a family of solutionsi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

Regularised Linear Regression

e In ridge regression we minimise a loss

L(w) = [Xw — y|* + n]w|? = w" (X X+ nl)w - 2w X"y + y 4

o Because ||w||? is strictly convex the loss function is strictly
convex and so will have a unique solutioni

e Using an L; regulariser (Lasso)
L(w) = [ Xw — y|* + n]w]:
again |Jw||; is convex and so L(w) will be convexi

e Using an Ly and an L, regulariser (elastic net) also gives a
unique solutionl
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Jensen’s Inequality

e In proving many properties of learning machines inequalities are

1. Convex sets
v P really usefull
) af@)+(1-a) f),
2. Convex functions s (-0
L . o e One of the most useful inequalities involve expectations of convex
3. Jensen’s inequality ‘ . . , .
w w w functions, this is known as Jensen’s Inequalityl
o ar+(1-a)y ¥
e If f(x) is a convex(-up) function then
E[f(X)] > f(E[X]n
e If f(x) is a convex(-down) function then
E[f(X)] < f(E[X]n
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 25 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 26

Proof

e We said before that a convex function must lie on or above its
tangent plane at any point *

fl@) > f(@*) + (@ —2*) V(@)
o Taking z* = E[X]
F(X) = fEIX]) + (X — E[X])TV f(E[X])n
o Taking expectations of both sides

E[f(X)] > f(E[X]) + (E[X] - E[X])"V f(E[X])r
= f(E[X]) L

Simple Proofs with Jensen’s Inequality

e Since f(x) = 22 is convex by Jensen's inequality
E[X?] > (E[X]) or E[X?] -E[X]*>0
(i.e. variance are non-negative)l

e The KL-divergence KL(f||g) between two categorical probability
distributions (f1, f2,...) and (g1,92,...) is define as

KL(f[lg) = —ijﬂog(%)

(note fi,9; > 0and S f; =S gi= 1)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 27

Kullback-Leibler Divergence

KL(flg) = -3 £ 1og(%) _ 0235
=1 B

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 28

Proof of Gibbs’ Inequality

e To show that KL(f||g) > 0 (Gibbs' inequality) we note that since
the logarithm is a convex-down function

R
o))

—log (Zfijf)l: —log (Zgi>lz —log(1)1= 01

KL(fllg)

(Y

e We will meet KL-divergences later onl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 29

Lessons

e Although we haven’t talked much about machine learning,
convexity is heavily used in many machine learning applicationsl

e A lot of ML algorithms involve convex functionsle.g. SVMsl

e As such they will have a unique minimum (or a convex set of
minima)l

e Convexity is an elegant idea which is relatively easy to prove
theorems aboutl

e One of the most useful tools is Jensen's inequalityl
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Support Vector Machines

e Support vector machines, when used right, often have the best
generalisation resultsl

e They are typically used on numerical data, but can and have been
adapted to text, sequences, etc.l

e Although not as trendy as deep learning, they will often be the
method of choice on small data setsl

e They subtly regularise themselves, choosing a solution that
generalises well from a host of different solutionsl

Linear Separation of Data

e SVMs classify linearly separable datal

e Finds maximum-margin separating planel

Adam Priigel-Bennett Mathematics of Machine Learning

Extended Feature Space

e To increase the likelihood of linear-separability we often use a
high-dimensional mapping

T = (17171721---7IP)T - ¢(w) = (@1($),¢)2($),...,¢)T($))T
r>pl

e Finding the maximum margin hyper-plane is time consuming in
“primal” form if r is largel

e We can work in the “dual” space of patterns, then we only need
to compute inner-products

(d(@:),0(x5)) = (a:) Pz =" di(xi) di(a;)

k=1

//ecs-vlc.github.io/aice3001/ 3
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Kernel Trick

e If we choose a positive semi-definite kernel function K (x,y)
then there exists functions ¢(x) = (¢r(x)|k = 1,2,...,7), such
that

K(@i,x;) = (p(:), ()
(like an eigenvector decomposition of a matrix)i

e Never need to compute ¢y (x;) explicitly as we only need the
inner-product (¢(x;),¢(x;)) = K(x;,x;) to compute maximum
margin separating hyper-planel

e Sometimes ¢(x;) is an infinite dimensional vector so it is good we
don’t have to compute all the elements!i

Adam Priigel-Bennett Mathematics of Machine Learning

Kernel Functions

e Kernel functions are symmetric functions of two variablel
e Strong restriction: positive semi-definitel
e Examples

Quadratic kernel: K(zy,22) = (mImQ)Q

Gaussian (RBF) kernel: K(x1,22) = e~ llmi—2lly

e Consider the mapping

2
&€y

o= ()o@ |
v V2

//ecs-vlc.github.io/aice3001/ 5
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Non-linear Separation of Data

2

(I,‘Q

K(zy,@s) = (23 v} V2an)| w5
V2222

b= 235 + yiys + 2311 T2yl

- 2
= (w122 + y112)°1= (2] 22) 1

T
~1 0.8 106 —0.4 %2
® o2
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Inner Product
e Recall the inner or dot product in R"

“_ﬂw“”<ww—wyuwm—§thmwmm%m

=1

o If |w| =1 then (z,w) = ||x|| cos(d)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Maximise Margin

e Consider a linearly separable set of data

D = {(zk,yx) iza
ye € (1,1}

e Our task is to find a separating plane defined by the orthogonal
vector w and a threshold b such that

where A is the margini

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 10

Distance to hyperplanes

(@r,w) A~
f[wll N

N
oLy
~

0 I %@yf(%_ b)

- / > T1
\\
{=

(@aw) _ e
Tl = b}
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Constrained Optimisation

e Wish to find w and b to maximise A subject to constraints

Yk (Mflo >A forall k=1,2,....mi
[[wl]

e If we divide through by A

(w,xg) b
. >1 forallk=1,2,....mi
(A~ ) 21 k=12

o Define w = w/(Allwl|) and b= b/A

yk(<ﬁ77$k> - b) > 1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 12

Quadratic Programming Problem

e Note that as w = w/(Al|w]|)

H H feofi= 1
Aol | = Spagi= 2

o Minimising ||w]|? is equivalent to maximising the margin A1

e Can write the optimisation problem as a quadratic programming
problem

<112
I @ subject to y ((ﬁ;@k) - b) >1forall k=1,2,...,mi
w,b

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Quadratic Programming in SVMs
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Quadratic Programming

e We have a quadratic programming problem for the weights
w = (W1, Ws2,...,Wp) and bias b and m constraintsl

e This is a classic but fiddly optimisation problemsl

e |t is a strongly convex optimisation problem so will have a
unique minimumi

e It can be solved in O(p?) time (it involves inverting matrices)i
(phew it is not NP-complete!)i

e We will see that there is an equivalent dual problem which allows
us to use the kernel trick with time complexity O(m?)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/
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Extended Feature Space

e \We can generalise the SVM if we map all our features vectors to
an extended feature space

x — o)l

e The components of ¢(x) will typically be (non-linear) functions
of x (e.g. d1(x) = 22, o) = 23, P3(x) = V221 22)1

e We are free to choose whatever mappings we likel

e There may be many more components of ¢(x) than of ximaking
it easier to find a linear separation of the two classesl

%y 0 05 e But in the extended feature space (involving
Y2, 05N =" od(x) = (¢1(x),02(),....0,(x))) the time complexity is O(r®)I
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Lagrangian Obtaining the Dual Form of the Problem

e In the extended feature space we can find a separating plane
(given by w and b) with maximum margin by solving the problem
[w]?

min
w,b

subject to yr((w,¢p(xr)) —b) > 1 forall k= 1,2,....,m1

e We can write this as a Lagrange problem

minmax L (w,b,cx)
w,b a>0

where

lw]* <

L(w,b,a) = S Zak (?M((’wvd’(wk)) —b) - 1)
k=1

subject to aj, > 01

e Differentiating the Lagrangian with respect to w

m

L(w,b,a) = %H"UHQ _ Zak (yk.((w,(j)(mk)) - b) — 1>I

k=1
o V,L=w— Y apypd(xp)l=01 = w* = > apypp(zp))
k=1 k=1

oL __ m .
o Sr =D apy=01

e Substituting back into the Lagrangian

m m

* * 1
glgz]{ﬁ(w b a) = Iélg%(;ak - ikg:lakalykyl<¢’(wk)7¢($l)>l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19

The Dual Problem

e The dual problem is now to find «;'s that maximise

m

£(0) =Y ok 5 O avanyen (@), ol

k=1 k=1

e subject to constraints

m
3 =0
k=1

Vk=1,2,....m «ap >0

e The Hessian of £(c) has elements Hy; = —yryi(p(xr),p(x;)) so
v Ho = —szvkykd)k(mk)\\z < O1(note this is negative
semi-definite so there is a unique maximum)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Kernel Trick

e We will show in the next lecture that if K (x,y) is a positive
semi-definite function then it can always be written as

K(z,y) = (¢(z),p(y)n

o As (¢p(xy),p(x;)) appears in the dual problem we can express the
dual problem as finding «'s that maximise

m 1 m
[,(Oé) = Zak — 5 Z akoelykle(wk@l)l

k=1 k,l=1

e We therefore never have to compute ¢ ()i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Sequential Minimal Optimisation
e One of the most efficient techniques for training SVMs is

Sequential Minimal Optimisation or SMOI

e This takes two Lagrange multipliers a; and a; and adjusts them
to maximise the dual objective functioni

e This is very quick as it can be done in closed formi
m
e Note that because > yrax = 0 we have to change at least two
k=1
variables at the same timel

e A heuristic is used to choose good pairs of s to optimisel

e Run until close to the optimumi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 2

Soft Margins

e \We can relax the margin constraints by introducing slack
variables, s > 0

yr((zg,w) —b) > 1 — s,

) n
e Minimise 5=+ C3 ) s4l

e Larger C punishes slack variables morel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 23
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Dual Problem with Slack Variables

e The Lagrangian with slack variables is

m

*H“’HZ + CZ@A - Z(xk<yk (w,p(xy)) — b -1+ ek) Z B Sk

k=1 k=1

where ) are Lagrange multipliers that ensure s;, > 0 (note that
Bi > 0—this is the KKT condition)i

e Now minimising with respect to s;

oL

P — B, =0
a5, a;— B =0
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e Or a; = C' — B3;. Since f3; > 0 the constraint is «; < Cli(recall ) 0 > 05
also a; > 0N 2y 90 0~
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Getting SVMs to Work Well

e SVMs rely on distances between data pointsl

e These will change relative to each other if we rescale some
features but not other—giving different maximum-margin
hyper-planesl

e If we don't know what features are important (most often the
case), then it is worth scaling each feature (for example, so their
range is between 0 and 1 or their variance is 1)1

Optimising C

e Recall that we can introduce soft-margins using slack variables

where we minimise Hw” + C> 1 sk, subject to constraintsl

e In practice it can make a huge difference to the performance if we
change Ci

e Optimal C values changes by many orders of magnitude e.g.
275_215|

e Typically optimised by a grid search (start from 27° say and
double until you reach 2°)1

e Measure performance on a validation setl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 27

Choosing the Right Kernel Function

e There are kernels design for particular data types (e.g. string
kernels for text or biological sequences)i

e For numerical data, people tend to look at using no kernel (linear
SVM), a radial basis function (Gaussian) kernel or polynomial
kernelsl

e Kernels often come with parameters, e.g. the popular radial basis

function kernel
L [—

el

K(z,y) = e lle=vl’

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 28

Multi-Class Problems

e By construction SVMs separate only two classesl
e If we have a multi-class problem we have to use multiple SVMsl

e There are two major ways practitioners do this

One-versus-all: for each class, train a separate classify to
determine that class versus all othersl
All-pairs: train a classify for all pairs of classesl

e In both cases choose the class which the classifier is most certain
aboutl

e Beware SVMs don't like imbalanced datasetsl

e Optimal v values range over 2715-2%1
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SVM Libraries Conclusions

e Although SVMs have unique solutions, they require very well
written optimisersi

e If you have a large data set they can be very slowl

e There are good libraries out there: svmlib, svm-lite, (now old),
scikit-learn, etc.1

e These will often automate normalisation of data and grid search
for parametersl

e We've seen how SVMs worki
e We've learnt how to use theml

e We've seen that we can find the maximum margin hyper-plane by
solving a quadratic programming problem (with a unique solution)i

e This is a convex optimisation problem with a unique optimumi
e The dual problem of an SVM is particularly simple, especially if

we use a positive semi-definite kernell(we explore these in the
next lecture)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 31
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SVM Kernels
e SVM Kernels are functions of two variables that can be factorised
K(z,y) = (), ¢(y)) = Y _di(x)di(y)
o where ¢(x) = (¢1(x), do(x),...)T and ¢;(x) are real valued
functions of xl

e K(x,y) will be positive semi-definite (because it is an
inner-product)l

e Furthermore, any positive semi-definite function will factorisel

e This factorisation is not always obvious (we return to this later)l

//ecs-vlc.github.io/aice3001/ 1
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Dual Form

e Recall that the dual problem for an SVM is

m m
maxy_ay — 5 > arouyry(d(ar) b (@)
k=1 k=1

m
e subject to > yrar =0and 0 < ag(< O
k=1

e But since K (xk,x;) = (¢(xr),¢(x;)) the dual problem becomes

m m
max E a5 E arayry K (zg, )l
(a2
k=1 k=1

e This is the kernel tricki—we never have to compute ¢(x)ll

Adam Priigel-Bennett Mathematics of Machine Learning

Classifying New Data
e Having trained the SVM we now have to use itl

e Given a new input x we decide on the class

y=sgn((w,d(@)) 0 but  w=) aryr(a

k=1
e In the dual representation this becomes
m
sgn <Zakyk}((:ck,a;) - b)
k=1

where we only need to sum over the non-zero «y, (i.e. the support
vectors SVs)i

//ecs-vlc.github.io/aice3001/ 3
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Recap on Eigen Systems

e Recall for a symmetric (n x n) matrix M an eigenvector, v

Moo =\l

e There are n independent eigenvectors v(*) with real eigenvalues
A

e The eigenvectors are orthogonal so that v Tp@) =0 if i £ ji

e Forming a matrix of eigenvectors V = (v, v, ...v(") the
matrix satisfies

Viv=vVv' =1

e Such matrices are said to be orthogonall

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Eigen Decomposition

e From the eigenvalue equation M) = A(F)y(%)

A0 -0
MV = VA where A= |7 M 0y
0 0 - A
e Multiplying on the right by VT we get
M =VAVT =3 ARk 0Ty
k=1

Or
~\ (k) (k) (k k) (k
M;; = Z)\(k)v,g )U; h= ZUE )ui ) = (ui,uj)
k=1 k=1

'u,gk) = \/)\(k)’b'l(k)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7
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Eigenfunctions

e By analogy for a symmetric function of two variables we can
define an eigenfunction

/K(%y)w(y)dy = XY(z)

e In general there will be a denumerable set of eigenfunctions
) (x) where

K(2,y) = 3 AO6® (@)@ ()i
k

e This is known as Mercer's theoremi

Limit Process

e Consider sampling a function at a set of pointsl

0.0512
0.529
00012
Uliting

0.719
0.703

0.703

EN a1 N x3 EN 5 N a7 EN 1

e In the limit where the number of sample points goes to infinity
the vector more closely approximates a functionl

e The k' component of the vector corresponds to f(z)i

Adam Priigel-Bennett Mathematics of Machine Learning

Linear Operators

e Recall a linear function 7[f(z)] can be represented by a kernel

Tlf(@)] = / Kl S AY K ) 1)

Jj=1

K(z,y) f(y)

. Yo % Y2 Y3 Ya Ys Yo Y7 Ys 1

This is just a matrix equation with M;; = AK (z;,y;)1

//ecs-vlc.github.io/aice3001/ 9
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SVM Kernels
o If we define ¢ (x) = VAR (2) then

E(@y) =Y AP0 (@)p®(y) = "¢ (@) (yn
k k
e This is the definition of a SVM kernel we started withi

e Note that for ¢(*)(z) to be real A(*) > 0 for all k1

o If \(®) < 0 then (¢(x),0(z)) = ||¢(z)||> might be negative and
“distance” between points in the extended feature space can be
negativell

e If we use a kernel that isn't positive semi-definite then the
Hessian of the dual objective function will not be negative
semi-definite and there will be a maximum where « divergesl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 11
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Positive Semi-Definite Kernels

o Kernels (or matrices) that have eigenvalues A(*) > 0 are called
positive semi-definitel

o (If the eigenvalues are strictly positive A®) > 0 the kernels or
matrices are called positive definite)i

e Positive semi-definite kernels can always be decomposed into a
sum of real functions

K(z,y) = (¢(z),p(y)n

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 13

Properties of Positive Semi-Definiteness

e Since
K(z.y) = (¢(z),(y))
e An immediate consequence is that for any function f(x)

[1@ K@y fw)dedy = [ f@)(6@).0) f@)dzdm
- <'/'f<:c>¢(w>dw,'/‘f<y>¢<y>dy>-

2
1> 01

- H e
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Positive Semi-Definiteness

e The following statements are equivalent

K (z,y) is positive semi-definite (written K (x,y) > O)I
The eigenvalues of K(x,y) are non-negativel
The kernel can be written

K(z,y) = (¢(z),6(y))

where the ¢(*)(z)'s are real functions
For any real function f(x)

1@ K@y iwzdy >

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 15
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Adding Kernels

e We can construct SVM kernels from other kernelsl

o If Ki(x,y) and Ka(x,y) are valid kernels then so is
K3(m7y) = Kl(wy) + KQ(m~y)

Q= /f(acm(m,y)f(y)dmdy
- / (@) (K (@,9) + Ka(e.9)) f(y)dedy

- / (@) Ky (2.y) f(y) dedy + / f(@) Kala.y) f(y)dedy > 0

o If K(x,y) is a valid kernel so is cK (x,y) for ¢ > 01

Product of Kernels

o If Ki(x,y) and Ko(x,y) are valid kernels then so is
Ks(z,y) = Ki(x,y) Kax(z,y))

e Writing

Kizy) =Y ol @)o (),  Kzy)=> ¢ x)e"(y)

then

y(w,y) = 301 (@)0" (4)0 (@)0 ()
=Y 0 @0 W= (67 (@).0 ()1

where ¢ (z) = ¢\ (@) ¢\ (2)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 17

Exponentiating Kernels

e If K(x,y) is a valid kernel so is K" (x,y) (by induction)i

Assume K (x,y) = 0 this satisfies base casel
If K"=(z,y) = 0 then

K"(x,y) = K" (x,y) K(z,y) = 0n

e and exp(K (z,y)) is also a valid kernel since

x 1 0 1
eff@w) = ZﬁK'(w,y) =1+ K(@y) + 5K @y) + -

i=1

but each term in the sum is a kernell

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 18

RBF Kernel

e Now x'y = (x,y) is a valid kernel because it is an inner product
of functions ¢(x) = i

e For v > 0 we have 2yzTy = O1
o Thus exp(2yzTy) = 01
o If K(z,y) = 0 then g(z) K(z,y)g(y) = 01
[1@a@) K @)ow) 1 w)dedyi= [ 1)K (.p)h(y)dedyt= o
where f(z)g(z) = h(z)1

o T T o T o o 2
e 1T T2V Y=Y Yy ozl 1= 01
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Other Kernels

e The success of SVMs has meant that researchers try to increase
the area of applicationl

e The condition that a SVM kernel must be positive semi-definite is
quite restrictivel

e There has been a cottage industry of researchers finding smart
kernels for solving complicated problemsl

e The key to finding new kernels is to use the properties of kernels
to build more complicated kernels from simpler onesl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

String Kernels

e One area where SVMs were very important is in document
classificationl

e This requires comparing stringsl

e There are a large number of kernels developed to do thisl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Spectrum Kernel

e A simple way to compare documents is to collect a histogram of
all occurrences of substrings of length pi

e This is known as a p-spectrumi
e A p-spectrum kernel counts the number of common substrings

s=statistics  Ss(s) = {sta,tat,ati,tis,ist,sti,tic,ics}

t = computation &3(t) = {com,omp,mpu,put,uta,tat,ati,tio,ion}l

e K(s,t) =2 ("tat” and “ati”)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

All Subsequences Kernel

e A more sophisticated kernel is to count all of the common
subsequences that occur in two documentsl

e Naively this would take an exponential amount of time to
computel

e Using clever dynamic-programming techniques this can be done
relatively efficientlyl

e This can even be extended to include sub-sequence matches with
possible gaps between wordsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 23
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Other Kernel Applications

e String kernels for comparing subsequences are used in
bioinformaticsl

e Kernels have been developed for comparing trees (e.g. for
computer program evaluation, XML, etc.)i

e Kernels have also been developed for comparing graphs (e.g. for
comparing chemicals based on their molecular graph)i

Fisher Kernels

e In an attempt to build kernels that capture more domain
knowledge, kernels are constructed from other learning machinesl

e An example of this are “Fisher kernels” whose features come from
an Hidden Markov Model (HMM) trained on the datal

e These tend to have better discriminative power than the
underlying model (HMM), and has a better feature set than a
SVM using a generic kernell

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 25
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1. The Kernel Trick

2. Positive
Semi-Definite
Kernels

3. Kernel Properties

4. Beyond
Classification
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Regression with Margins

e SVMs can be modified to perform regression

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 27

Error Functions

e Can introduce slack variables with different errors

Y

-£ 0 € -£ 0 ¢

e This can be transformed to a quadratic programming problem

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 2

Ridge Regression Using Kernels

e We can also solve regression problems without using marginsl

e To solve a regression problem once again the problem is set up as
a quadratic programming problem

. : m . . A 9
1[1111)11)\||w\| + ;(yz —w'¢(x;))

e the ||w||? is a regularisation termi

e By assuming w = ), o;¢(x;) we obtain a quadratic equation for
the «;'s which we can solvel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 29

Kernel Methods

e Kernel methods where we project into an extended feature space
are used with other linear algorithms

Kernel Fisher discriminant analysis (KFDA)
Kernel principle component analysis (KPCA)
Kernel canonical correlation analysis (KCCA)
Gaussian Processesl

e These are also extremely powerful machine learning algorithmsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 30

Summary

e SVMs require a positive definite kernel functionl
e These can be built from simpler functioni

e There was a cottage industry of people creating new kernels for
different applicationl

e SVMs are just one example of a host of machine that

use the kernel trick
often use linear constraints
tend to be convex optimisation problemsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ El
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Mathematics of Machine Learning Outline

o [

2. Wasserstein
—b.—b

Wasserstein GANs

Distance

3. Wasserstein GANs

GANs, Wasserstein distance, Duality, WGANs =
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Generative Adversarial Networks How GANs Work
1

e One of the applications of Deep Learning that has most excited
the public are Generative Adversarial Networks or GANsI

sample from D

e Their aim is to generate new random samples from the same
distribution as some training set, Di

e Their number of real world applications arelquestionablel

15

e But nobody cares because they are coolll

e Out of date warning: someone invented diffusion modelsl
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Training GANs Problems of GANs
e The loss of the generator depends on its ability to trick the ® GANs are notoriously difficult to traini

discriminatorl o o
e The generator and discriminator training can decouplel

e The loss of the discriminator depends on its ability not to be L . .
trickedi e Often the discriminator becomes too good at correctly identifying

the generated imagesi

e We try to train the two networks simultaneousl
y " e Then there can be little gradient information to help the

e We hope that over time the generator produces better and better generator as every small c.harTge. In parameters doesn't
fakesl significantly change the discriminator decisioni

e To try to solve this problem we first make a seemly unconnected

diversioni
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Outline Measuring Distances Between Distributions
ay) . . . .
e In many machine learning tasks we want to minimise the distance
y between two probability distributionsl
8 cost = 0.2
1. GANs e This requires that we can measure distances between probability
distributionsl
2. Wasserstein
Distance e One prominent measure is the Kullback-Leibler or KL divergence
. p(x
3. Wasserstein GANs KL(p|lq) = /p(m)log (l)( ))dasl
q(y)
0 e This is very commonly used in ML (e.g. VAEs, Variational
B

Approximation)l
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Trouble with KL

e KL-divergences are non-negative quantities that are minimised
when the two probability distributions are the samel

e They are not distances (they aren’t symmetric and they don't
satisfy the triangular inequality)l

p(z)

il

al

We don't really care about this, but what
o We do care about is that if g(z) = 0 when

p(x) # 0 then log (%) divergesl

",
43

e We can therefore have distributes that seem very similar but their
KL-divergence is huge (or infinite)l

Wasserstein Distance

e A more benign measure of the differences between two probability
functions is the Wasserstein or Earth Moving distancel

plx)
This is a true distance, but more

o importantly, it measures distance in a very e

natural way so that distributions that are "

x)
close has a small Wasserstein distancel ﬁ f

e Although this seems contrived if our probability distribution
represents the probability of a 128 x 128 matrix of real valued
triples represents an image of dog, then it is easy to imagine that
the Wasserstein distance may be more benign than the
KL-divergencel

T

Adam Priigel-Bennett Mathematics of Machine Learning

High Probability Manifold

{63

LY

X
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Transportion Policy

e But how do we formalise the Wasserstein distance?l

e A good place to start is to define a transportation policy v(x,y)
with

/ ~(@,y)dy = p() / y(@.y)de = gy

e This looks like a joint probability distribution, but we interpret
~(x,y) as the amount of probability mass/density that we
transfer from p(x) to g(y)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 11

Transportation Policy

aly)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 12

The Cost of Transport

e We want to choose the transportation policy that minimises the
amount of probability mass we need to movel

LR
e Let d(x,y) = || — y|| be a distance measure then the cost of a
transportation policy is
co) = [ [dwy)(@y)deap= e f.y)
where we interpret v(x,y) as a probability distributionl
B
= 1 e Usually we take d(x,y) to be the Euclidean distance, but we can
choose any distancel
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Transportation Cost The Wasserstein Distance
1
a(v)
v e The Wasserstein distance W (p,q) between two probability
8 ot =102 distributions is defined as
W(p,q) = min E,[d(z,y)]
veA(p,q) [y
e Where A(p,q) is the set of joint distributions y(x,y) such that
/v(m,y)dy =p(x) /v(m-,y)dm =q(yn
B
=
1
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Computing the Wasserstein Distance

Constraints

S (@iy) = pla) S (@) = aly)

e To compute the Wasserstein distance we have to solve a J i
minimisation task!l
Ay=P
e This looks nasty, but it is a (continuous) linear programmming 152 zi;
problemi :
Y (@, 1)
. S . V(1. y2)
e Suppose p and ¢ were discrete distribution (i.e. @ and y only take 11100 00 Y(2, y2) a(yr)
discrete points)i 00--0:11 00 : a()
g Ce || e ) :
00000 11 : _ | alyn)
e Then we could treat each value of y(z,y) as an element of a pOo 00 : I’E“;
- : P
vector v and each value of d(x,y) as an element of a vector Di o D : .
00100 01 Y(@1. ya) (@)
N . w2, yn)
e Our objective is to choose v to minimise DT~i :
Y(@n; Yn) 1
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 17 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 18

Lagrange Formulation

e For discrete distributions
minDTy
v
subjectto Ay =P, >0

e Writing the Lagrangian
L(v,0) = DT — aT(AT'y - P)
where « is a vector of Lagrange multiplierst
e The solution to the discrete optimisation problem is given by

min max £(y,a)l
~ a

Dual Form

e We can rearrange

L(y,a) = D'y —a'(Ay — P)i
=Pla- ’yT(ATa - D)I

e \We note that v > 0 so the dual problem is to find a vector
that maximises PTa subject to the constraints ATa < Di

e Although the vector form allows us to make connections with our
earlier discussion of linear programming, it is a little difficult to
interpretl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19

Explicit Form

e We can write a Lagrangian for the original problem

L= Zd(w,,7y,)-y(m,,4,yj) — Za(mw) (Z’Y(mm%) - P(“”1>>
-S> By (Zw(mny,) - ’1(?!;))

subject to y(x;,y;) > Olwhere a(z;) and B(y;) are Lagrange multipliers (they are
components of )l

e Rearranging

L= a(@)p(@) + > By a(y) — S v(@nu,) (el + Bly;) — dw:y:)h

e This is eqivalent to maximising 3, a(x:) p(i) + > ;8(y;)q(y;), subject to

Vi, oa:) + By;) < d(e,y;)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Continuous Form

e \We can write a Lagrangian for the continuous problem

L= //d(w«,y)v(%y)dwdy - /a(m)(/v(m,y)dy - p(w)) da
- /ﬁ(w (/v(w,y)dw - q(y)) dy

subject to y(,y) > Olwhere a(x) and B(y) are Lagrange multiplier functionsl
® Rearranging

= [a@p@az+ [Bwaway - [[1(@w)a@ +5) - de.y)dzdl

o This is eqgivalent to maximising [ a(x)p(x)dx + [ B(y)q(y)dy, subject to

a(x) + By) < d(z.y)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Dual Form Constraint

e We note that a(zx) + S(y) < d(z,y) for all  and yi
e This has to be true when & = y so that
a(@) + B(a) < d(@.a) = 0

e So B(x) = —a(x) — e(x) where ¢(x) > 01

e But want to maximise

Ja@p@)e+ [swawiy= [a@ b - a@)de - [a@)ee)do

e This is maximised when e(x) = Oli.e. f(x) = —a(x)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

Dual Form

e Thus the dual problem is to find a function «(x)—or a vector of
functions (a(x;)|i)—that maximises

[a@ (@) - @)
e Subject to the constraint
a(x) — a(y) < d(@,y) =z -yl

e This is a continuity constraint on the Lagrange multiplier function
a(x) known as Lipschitz-11

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 23
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Lipschitz-1 Functions

e We note for a Lipschitz-1 function and any unit vector u

WVa(z) = lim &Y —a@),  cluf, e

e—0 € € €

=1

e That is, at every point the gradient in all directions must be less
than 1i(since the gradient defines the direction of greatest
increase it is both necessary and sufficient for ||[Va(z)|| <1
everywhere)l

a(xg+ cu) oz + eu)

[uTVa(z) <1 [u"Va(z)| > 1

Calculating the Wasserstein Distance

e To recall the big picture we want to compute the Wasserstein
distance

Wi(p,q) = min E,[d(z,y)
YEA(P,q)

e For high dimensional objects (x,y) would be a huge object to
approximatel

e Instead we can compute the Wasserstein distance in the dual
formulation

W(p,q) = max/a(m)(p(m) —q(z))dx1= 111(?XIE1,[(1(X)] — Egla(X)N

a(x)

Lipschitz-1 Not Lipschitz-1 ! subject to the constraint that «(x) is a Lipschitz-1 functioni
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Outline Back to GANs
a(y) I e What has this got do with GANs?I
) st — 0.2 y e Suppose we want to minimise the distance between the
1. GANs distribution p(x) of real images (of which D are samples) and the
. distribution ¢(x) of images drawn from a generatorl
2. Wasserstein
Distance e We can use a normal GAN generator, G(z,w¢), that generates
an image when given a random variable z ~ A/(0,I)1
3. Wasserstein
GANs e To do this we choose the weights, w¢ of the generator to
minimise
z W(p,q) = Hyl(i))((Ezwp[a(m)] - ]Ezwq[a(m)])l
C
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 27 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 28
Estimating Expectations The Critic
e Although we can't compute E,[a(z)] and Ey[a(z)] exactly, we e For this quantity to approximate the Wasserstein distance we
can estimate them from samples need to find a function a(x,w,) that maximises Cl
E [(y 5 Za(m Eq a(@)] ~ 72@ (2, we) e To do t.hIS .W(? learn a éec‘ond network, the critic or discriminator
‘ |w€B whose job it is to maximise
e where B C D is a minibatch of true images and z; ~ A/(0,I)1 |B\ Z z,w,) Za (zi,we), W)l
. L xEB
e From this we can choose w¢ to minimise
e The network o(z,w,) should be Lipschitz-1 (which we usually
‘B| Z Za (zi,wa)) botched by, for example, by setting the spectral norm of the
z€B convolutional weight matrix to 1)1
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 29 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 30

Wasserstein GANs

maxmln—Zaw’w
We WG |B| &

Z a(G(zi, wG)a 'UJa)
=1

sample from D uf" 1
—’ 1

Lesson

e Wasserstein GANSs are, at least for me, one of the most elegant
pieces of theory in recent yearsl

e By trying to minimise the Wasserstein distance between the
distribution of a generator and a true distribution we arrive at
optimising two adversarial networks just like a GANI

e This uses a rather beautiful dual formulationl

e |t is claimed that W-GANs solve many of the problems of
traditional GANsI
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Mathematics of Machine Learning Outline
Probability
Q
Y =g(X) Q
T31|T32|T33|T34|T35
Y13 = g(xlzs) Y1a = 9(5014) Y15 = g(ﬂfls) Y6 = 9(1'16)
. L6 |La7|T28|L29|L30
1. Random Variables
Yo = 9(@9) | Y10 = g(w10) | yu = g(z11) | Y12 = g(w12) ) T21|T22|T23|T24|T25
2. Expectations
. T16|L17|T18|T19|L20
vs = glzs) | we=g(xe) | yr=gler) | ys=g(as) 3. Calculus of Probabilities
T11|T12|T13|T14|T15
yi=g(x1) | y2=9(2) | ys=g(zs) | ya=g(a) Te | T7 | T | Ty |T10
Ty | T2 | X3 |X4|T5
Probability, Random Variables, FEzpectations
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Modelling Uncertainty Probabilities

e To model a world with uncertainty
we consider some set of elementary
events or outcomes (i

e For the outcome of rolling a dice Q) =

{1,2,3,4,5,6}1

e The elementary events w; are mutually
exclusive w; Nw; = () and exhaustive

ini =01

e We consider events £ = J w;l

i€l

e E.g. For a dice throw & = {2,4,6}1

Wi

e We attribute a probability, P(£), to an event, &, with the

requirements
0<PE) <t Q

P(E) +P(=€) = 1 where =€ = Q\ €
1 1

e In some cases we can interpret P(€) as the expected frequency of
occurrence of a repetitive triall

e But P(Pass COMP6208 exam) is something you do oncel

e Can think of probability as an informed belief that something
might happeni

e When our knowledge changes the probability changesl

Adam Priigel-Bennett

Mathematics of Machine Learning

//ecs-vlc.github.io/aice3001/

Random Variables

e We can define a random variable, X, by
partition the set of outcomes €2 and
assign a numbers to each partitioni

e E.g. for a dice

ifw e {1.3,5),
if we {2,4,6}

P(E;) where &; is the event

that corresponding to the partition with

value ;1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 4

What's In A Name

e We denote random variables with capital letters, X, Y, Z, etcl

e The symbol denote an object that can take one of a number of
different values, but which one is still to be decided by chancel

e When we write P(X) we can view this as short-hand for
(P(X=2)|zeX)=(P(X =21),P(X =23),.. P(X = z,,))
where X is the set of possible values that X can takel

e We treat random variables very differently to normal numbers
(scalars) when we consider taking expectationsl

Adam Priigel-Bennett
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Function of Random Variables

e Any function, Y = g(X), of a random variable, X, is a random

variablel
Y =g(X) Q
y1s Z(@13) | v Zo(w1a) | 15 Lo(w1s) | vie Lylwe)
Yo =2g(x9) | Y10 2 g(T10) | yu Zy(z11) | Yr2 2 plz12)
ys =tg(zs) | yo =tg(ws) | yr =tg(ar) | ys =rg(ws)
v =2g(z1) | y2 =g(22) | ys =tg(x3) | ya =tg(z4)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 6

Continuous Spaces

e If the space of elementary events is continuous (e.g. for darts
x = (z,y)) then P(X =x) =01

e But if we consider a region, R, then we can assign a probability
to landing in the region P(X € R)I

e |t is useful to work with probability densities function (PDF)

where B(z,¢) is a ball of radius € around the point = and
Vol(B(x,e€)) is the volume of the balll

. P(X € B(w,e))
Ix(@) = B @)

e If we make a change of variable the volume Vol(B(x,e)) might
change so fx(x) will changel
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Change of Variables
e Consider a region R—we can describe this using different

coordinate systems z or y = g(z)i

e But
P(X €R) = /R fx(@)de =B(Y € R) = /R fr(m)dy

e As this is true for any region R: fx(z)|dz| = fy(y)|dy/t

e Or
dy

Ix(@) = fy()| 2

= fr(g(@))lg'(x)h

e A probability density measured in units of probability per cm is
different to that measured in units of probability per inchi

Jacobian

e In high dimension if we make a change of variables © — y(x)
(which can be seen as a change of random variables X — Y (X))

e Then

fx (@) = fy(y)|det(])]

where J is the Jacobian matrix

9y1 9dy1 ... Oy
Jxy  Oxg dxy
dys Ody2 ... Oy

I — dxy  Owxgy 9zn |1
i)y71 Oyn . ayn
Oxry Oz Oxp

e Ensures integrals over volumes are the samel

Adam Priigel-Bennett Mathematics of Machine Learning

Meaning of Probability Densities

e Probability densities are not probabilitiesl
e They are positive, but don't need to be less than 11

e Note that

. . Ple< X <a+on)
Fx(@) = 6111210 ox

e We can think of fx(z)dz as P(x < X <z + da)l

//ecs-vlc.github.io/aice3001/ 9
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Cumulative Distribution Functions

o We can define the cumulative distribution function (CDF)

‘ > P(X =ay)
Fx(z) =P(X <z) = ( @zi<a 1

- 7 Fx(y)dy

e This is a function that goes from 0 to 1 as = goes from —oo to ool

e We note that for continuous random variables

frta) = X,
xTr) =
e Note that fx(z)dz < 11 X dz
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Outline Expectation
e We can define the expectation of Y = g(X) as
9 > 9@)P(X =)

T31|T32|T33|T34|T35

. L26|L27|T28|L29|L30
1. Random Variables

. T21|T22|T23|T24|T25
2. Expectations

o T16|T17|T18|T19|T20
3. Calculus of Probabilities

T11|T12|T13|T14|T15

Tg | L7 | Tg | L9 |T10

Ty | T2 | X3 | X4 |25

Ex[g(X)] = =7~ !

e The expectation of a constant c is

ZCP(X =x) = CZIP’(X =x)=c
Ex[(:] — xzEX zeEX 1

'/cfx(:n)dm = c/fx(:c)dw =c

e Note Ex[Ex[g(X)]] = Ex[g(X)]n

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 13

Linearity of Expectation

e Because sums and integrals are linear operators

S (azi+by;) = a (Zx) +b (;y>

i

'/(af(w) +bg(x))dz = a (/f(m)dm) +b </g(m)dm>

then expectations are linear

ElaX 4+ bY] = aE[X] + DE[Yn

e Beware usually E[XY] # E[X]E[Y] (unless X and Y are
independent)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Indicator Functions

e An indicator function has the property

1 if predicate is True
[[p’r'edi(iateﬂ = { v

0 if predicate is False
(sometimes written I4(z) where A(x) is the predicate)l
e We can obtain probabilities from expectations

P(predicate) = E|[[predicate] i

e E.g. The CDF is given by

Fx(z) =P(X <z)=E[[X <z]h

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 15
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QOutline

Q)
T31|T32|T33|T34|T35
1. Random Variables T26|T27|T28|T29| T30
2. Expectations L21|T22|T23|T24|T25
3. Calculus of T16|T17|T18|T19|T20
Probabilities Z11|T12|T13|T14| 215

Tg | L7 | Tg | L9 |T10

Ty | T2 | X3 | X4 |25

Joint Probabilities

e Often we want to model complex processes where we have
multiple random variablesl

e We can define the joint probability
pxy(zy) =P(X =2zY =y)
i.e. the probability of the event where both X =z and Y = yi

o Clearly P(X,Y) = P(Y,X )

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 17

Marginalisation

e Probabilities are extremely easy to manipulate (although lots of
people struggle)i

e One of the most useful properties is known as marginalisation

P(X) =) P(X,Y =y)
yey

where ) is the set of values that the random variable Y takesl

e Note that when we write P(X) we are saying this is true for all
values that X can takel

e Although obvious and easy this is extremely usefull

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 18

Conditional Probability

e We can also define the probability of an event X given that
Y =y has occurred
)

L PXY =y
PXIY =y) = =) !

e In constructing a model it is often much easier to specify
conditional probabilities (because you know something) rather
than joint probabilitiesl

e When manipulating probabilities it is often easier to work with
joint probabilities because we can simplify them by marginalising
out random variables we are not interested inl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19

Basic Calculus

e To obtain the joint probability we can use
P(X,)Y)=P(X|Y)P(Y)=PY|X)P(X)
e This generalises to more random variables

P(X,Y,Z) = P(X,Y|2)P(Z) = P(X|Y,Z)P(Y|Z)P(Z)

e We can do this in a number of different ways

P(X,Y,Z) = P(Y,Z|X)P(X) = P(Z|Y,X)P(Y|X)P(X)

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Beware

e Conditional probabilities, P(X | Y) are probabilities for X, but
not Y

> P(X=z|Y)=1
reX
SPX|Y =y £1
yey

(in general)

e Note that

Ey[P(X | V)] =Y P(Y = y)P(X[Y = y)i

yey
e Note that P(A,B | X,Y’) means the probability of random = ZP(XJ/ =yi=P)N
variables A and B given that X and Y take particular valuesl yey
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Causality Independence

e Conditional probabilities does not imply causalityl

e We might have causal relationships

P(pass | study) = 0.9 P(pass | —study) = 0.21

e But if we know P(study) = 0.8 then we can compute

P(pass,study) = P(pass | study)P(study) = 0.9 x 0.8 = 0.72
P(pass,—study) = P(pass | —study)P(—study) = 0.2 x 0.2 = 0.041

and

P ,stud
P(study | pass) = Plpass,study)

e Random variables X and Y are said to be independent if
P(X,)Y)=P(X)P(Y )1
e Because P(X,Y) = P(X|Y)P(Y) and P(X,Y) = P(Y|X)P(X)
independence implies

P(X|Y) = P(X) P(Y|X) = P(Y)r

e Probabilistic independence implies a mathematical co-incident not
necessarily causal independencel

e However causal independence implies probabilistic independencel

PP(pass) e If X € {0,1} represents the outcome of tossing a coin and
_ PP(pass,study) __ 072 oosm Y € {1,2,3,4,5,6} the outcome of rolling a dice then X and V'
P(pass,study) + P(pass,—study)  0.72 + 0.04 " are independent
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Well Conducted Experiments

e In well conducted experiments we expect the results we obtain are
independentl

o Let D = (X,Xs,...,X,,) represents possible outcomes from a set
of m well conducted experiments then

P(D) = ﬁn»(xi)u

e Denoting a possible sentence | might say by
S = (W1,Wa,...,W,,) then

Conditional Independence

e Let K(d) be a random variable measuring the amount you know
about ML on day d of your revisionl

e From you revision schedule you can write down your belief

P(K(d) | K(d—1),K(d—2),...K(1))

e But a very reasonable model is
P(K(d) | K(d—1),K(d—2),...K(1)) =P(K(d) | K(d—1))

what you are going to know today will just depend on what you
knew yesterdayl

e We say that K(d) is conditionally independent on K (d — 2),
K(d—3), etc. given K(d— 1)

m
P(S) # [[P(Win
i=1
otherwise it's time | retiredl
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 25
Conclusion

e To work with probabilities you need to know

How to go back and forward between joint probabilities and
conditional probabilities
How to marginalise out variablesl

e You need to understand that for continuous outcomes, it makes
sense to talk about the probability densityl

e You need to know that expectations are linear operators and the
expectation of a constant is the constantl

e You need to understand independencel
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Experiments and Reproducibility

e One of the fundamental requirements of science is that
experiments can be reproducedl

e This applies to machine learning and deep-learning as it does to
particle physics, molecular biology, etc.l

e We need to describe completely what procedures were carried outl

e However, experiments have natural variability so what do we
mean by repeatability?l

Describing Research

e When describing research you need to find a story
(narrative)t—why is the work you are doing interestingl

e You need to give a general motivation as well as a more detailed
explanation of what you are specifically going to testl

e You then need to give enough details that someone can take your
report/paper and reproduce what you are doingl

e These days it is also common practice to put the model you are
using on-linet—but you should still describe everything in your
reportl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 3

Describing Your Experiments

e You need to tell the reader

What your deep-learning architecture looks likel

Your training setl

How you partitioned your training set into train, validation and
test setsl

Any preprocessing you performedi

The optimiser you used, mini-batch size, learning ratel

The number of epochs you trained forl

Any hyper-parameter tuning you carried outl

How long it took in clock time on the platform you are usingl

e You can put some of this into an appendix if necessaryl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 4

Results

e A paper builds a story (thesis) based on experimental evidencesl

e |t is not enough to present results, it is also your job to interpret
the resultsl

e Your results provide evidence in support of your thesisl

e But results all come with uncertainty. If you tested on a different
test set, or used a different training set then the answer would be
differentl

e Results are meaningless unless the uncertainty is quantified!l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 5
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Outline Experimental Error
1. Outline e Any empirical result is useless without some estimate of errorl
2. Experimental Error .
P e If you tell me algorithm A has a performance of 95% and
3. Confidence Estimates algorithm B has a performance of 97%, how do | know that this
didn’t happen by chance?1
e Maybe algorithm A is actually better, but you got lucky (or
unlucky)l
e We need to get a handle on the estimated experimental errorl
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Datasets

e We assume that our test set consists of typical examples that we
might encounter and that they are independent (e.g. we are not
seeing the same example over and over again)l

e These are assumptions that are not always truel
e We need to think about it and if they are not true you may need

to collect new data or be very cautious of the claims that you are
makingl

Collecting Statistics

e Given some experimental measurements {X;|i = 1,2,...,n} we
can estimate the mean and variance

. 1 . 1< .
Hn = E § X1 0'721 = n_1 § (X7 - Mn,)zl
i=1 ) i=1

e These are not the true mean, p = E[X;], and true variance

0? =E[(X; — p)?], but they are unbiased estimates in that

. . - . . Elfi,] = E[62] = o™
e However, if the person curating the training set did a good job [fin] = n [ ”}
then usually these are reasonable assumptionsl
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Variance in Mean Estimator

e Consider the mean squared error (MSE) of the estimator fi,,

S e

- %]E (Z(Xi - H)) (Z(xj - u))
i=1 i=1
= GBS - )+ 3 (Ki- i(X )|
i=1 i=1 j=1
JF#i

Lo ‘ "
:,?Z E[(Xi— )] + Y _E[Xi — wE[X; — p] |1
i=1 j=1
J#i

n
1 1
=— E o= ~o
n n

i=1

Estimated Error in the Mean

e The root mean squared error (RMSE) is equal to

VE[lin — 4] = 7

e The estimated error in the mean or standard error is defined
as A = % where &, is the empirical estimate of the standard
deviationl

e Traditionally we would write an experimental result as fi,, £ Al

e Also we only quote ji,, up to the number of significant figures
consistent with Al

e Not 1.6582356 & 0.122543 but 1.7 £ 0.18

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 1

Repeated Bernoulli Trials

e Suppose we are measuring a binary outcome, success or failurel

e Assuming the trials are independent (so called Bernoulli trials)
then the only unknown is the probability, p, of a successl

e If we make n trials then probability of k successes is given by the
binomial distribution

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 12

Mean Squared Error

e For the case of n Bernoulli trials we can estimate the mean
success rate

e The mean squared error (MSE) in this estimate is

k o X K o 2
e =1 = (1) B[~ —E|(5-») } = LE[(K —np?)s
1 1-—
e The mean and variance of K are = ﬁnp(l —pli= Ml
E[K] =np E[(K — 77,]))2] =np(l—p
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Standard Error for Bernoulli Trials
e The estimated error in the mean is given by the root mean

squared error (RMSE) /E[(p — p)2] = \/@'
K

e We don't know p, but we can use an estimate, p = o

9 1 -
P —p),
n

A~

e We can also use a worst-case bound (when p = %)

1
2/n

This is pessimistic if p is small, although the previous estimate is
optimistic if p = 01

A=~ 1

Errorbars

e There are different conventions on errorbarsi

e Traditionally errorbars show the estimated error in the mean
(standard error, A = 6,,/\/n)i

e This means that about 30% of the time the true mean would be
outside the errorbarl

e Some people use 95% confident intervals as errorbars, saying 95%
of the time the true mean lies within the errorbarst—this
corresponds to errorbars showing twice the standard errorl

e Some people show the standard deviation as errorbars] this tells
you nothing about the confidence of the point you plott—in my
opinion it is just wrongl
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Know What’s Best

e How do we know if model B is better than model A7

Model A Model B

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 18

Quantifying Uncertainty

e We want a way of quantifying the chance that model B is better
than model Al

e To do this we can consider a null hypothesis
We suppose that model A and B have the same performancel

e We then ask, under the null hypothesis, what is the chance of
obtaining a gap in performance at least as big as the one we
observedi

1
The more data we have the less likely we will make a mistakel e This will depend on the number of observations and the empirical
variancel
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T-tests Welch’s T-Test
e The original t-test was invented by William Gosset who worked
for the Guinness brewery in Dublin, but published under the
pseudonym Studentl e For Welch's t-test
. . o A A 52 52
o He worked with the null hypothesis that the distributions for A ;—HAT BB bap= T4 + B,
and B are normal with the same means and standard deviationsl OA,B ' n m
e The slightly more common test is Welch's t-test where the null e Where p depends on t and the number of degrees of freedom
hypothesis is that the two datasets are normally distributed with Y
the same means but different standard deviationsl v = 74A.B 1
6%/ (n— 1) + (65 /m)/(m — 1)
e The gap is equal to the ¢ value
i i e The beauty of the ¢-test is that from ¢ and v we can compute pi
A — [IB
t=rA4" 5y
OAB e Small p is good. It shows the null hypothesis is unlikelyl
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Statistical Significance Example

e It is common to say that A is statistically significantly better
than B if the probability of the observed ¢ value occurring given
the null hypothesis is less than 0.051

e Statistically significant difference in performance does not mean
that the difference is anything to care abouti(that is a judgement
calli

e We are assuming the data is normally distributedi We can checki
but no one doesl Usually its not a bad approximation if the data
is not normall but there are exceptions. . . 1

X ~N(0.4,1) Y ~ N(0.6,0.25)

,
700 750 2
Number of data points, n

1 T T

EETTETLTTRTEUNEE

S
%
T

Estimator of E(X) and E(Y)
Y
Y >
T T
.

S
N
T

\
700 750 2
Number of data points, n
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Error Bars and Significance
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e If you have enough data points then when the errorbars (1
standard error) are separate then the two distributions are
significantly differentl

Paired T-Test

e Sometimes the fluctuations in performance will come both from
the test example and from the difference in performancel

e For example model A might always be better than model B, but
the performance fluctuates depending on the examplel

e A normal t-test might not show any significant differentl

e Using a paired t-test we instead use

o 6% +06% —ixy
Oxpy =—
n
] n
C = X, — [i Y, — iy )
exy n—li;( i = fix)(Yi = fiy)
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Paired T-Test Example
X~Z+X3 Y~Z+Y
Z~N(0,08) X ~N(0402) Y ~N(06,0.2)

Estimator of E(X) and E(Y)
R E
T

S s
S
T
e
R
—— "
—-—
—a—
[ ——
[
-
——
> o
SEE[H
&
[
I
(= oo
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Cheating Significant Tests

e You should only run your t-test oncel

e If you run multiple t-tests until you get one with p < 0.05 then
you have cheatedl

e With a p value of 0.05 you expect to find the observed ¢ value
given the null hypothesis once every 20 trialsi—if you do the t-test
twice you should expect this to happen every 10 trials (i.e.
p=0.1)n

T i X s e If you run t-tests until you find a p value of 0.05 you are cheatingl
: b T R
IR AR S UE Sk S A S A SR A SR A G Ay _
: N T T T S A e If you want to compare many different models then you should
‘ P : [ S :
4 : E7 700 75 7 use ANOVA insteadi
Number of data points, n
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Computing Significance Ab-Initio

e The t-test results follow from a beautiful, but difficult calculationi

e However, you can simulate the null-hypothesis multiple times and
measure empirically the number of times the t-value exceeds the
observed ¢-valuesl

e This isn't necessary under the assumptions that the data is
normally distributed (done by Student and Welch)i

e However, there are other times where you want to show that what
you have found has not happened by chancel Often it is easy to
simulate a null hypothesisl

Good, Bad and the Ugly

e What I've told you is true of data that follows well behaved
distributionsl

e Just occasionally you come across data that has long (thick) tails
s

z ' 1
e Here taking the average of many samples might not give you

reliable estimates of the meani

e This isn't that common, but when nothing seems to make sense
plot a histogram of the data and check for thick tailsl
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Lessons

e You need to understand the errors in your datal
e Computing the standard error is always necessaryl

e In some cases you can quantify your certainty that A is better
than B using statistical confidence tests—t-testsl(other tests are
available)

e You need to apply common sense in interpreting datal

e The person you cheat when you don’t do this is yourselfi
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Mathematics of Machine Learning Outline

Bayesian Inference

1. Bayes’ Rule
2. Conjugate Priors

3. Uninformative Priors

Bayes, Conjugate Priors, Uninformative Priors

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 1 Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/

Dealing with Uncertainty Revision on Bayes

e Bayes' rule

P(DIH)B(Hi)

,H,',|D)|: IP('D)

e In machine learning we are attempting to make inference under P
uncertaintyl
P(,|D) is the posterior probability of a hypothesis #; (i.e.
e The natural language for discussing uncertainty is probabilityl the probability of #; after we see the data)
P(D|H,;) is the likelihood of the data given the hypothesis.
Note, that we calculated this from the forward problemi
P(H,;) is the prior probability (i.e. the probability of H; before
we see the data)l
P(D) is the evidencelor marginal likelihood:

e The natural framework for making inferences is Bayesian statisticsl

e However, this requires that we encode our prior knowledge of the
problem and specify a likelihood!

e In consequence, probabilistic methods tend to be bespoke, rather n n
then general purpose black boxesl P(D) = ZP(HhD)': ZP(D‘Hi)P(Hi)l
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Solving Inverse Problems Bayesian Inference
== \
§S§ w A§F) e Bayes' rule says P(H;|D) = WI
Object —~ Observation —— Data e We calculate the likelihood P(D|H;) (i.e. assuming the
hypothesis, what is the chance of obtaining the data?)i
\ Inverse Problem /

e \We consider the process of how the data is generatedi
e We want the posterior P(#;|D) (i.e. the probability of what

happened given some evidence)l e This uses the data we have (doesn't care about missing data)l

e The Bayesian formalism converts this into the forward problem
v P e But we also need to know the prior P(#;)i

P(D|H:)P(H,)
P(H;|D) = 7P(D) 1 e Also, this can get difficult when we have many hypothesesi
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Evidence Model Selection
e The normalisation term
n e Suppose we have two models of the likelihood or prior; M; and
= ZP(Hi-,D) = ZIP’(DW,;)IP’(H,;) M. Then the posterior will depend on the model
i i=1
. P(D|H,M)P(H | M;)
tells you how likely the data is (given the prior and likelihood P(H | D,M;) = 1

B(D | ML)
function)l
e We can use P(D | M) or P(D | Ms) to select which model is

e |t is called the marginal likelihoodior evidencel .
most likely!l

e At one level this is just a normalisation condition] which is often a

int tol e E.g. is my likelihood best captured by a normal or gamma
pain to compute

distributionl

* But it also plays an important role in model selectiont e This also allows us to select hyperparameters for a modell
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Probability Density

e When we are working with continuous variables it is more natural
to work with probability densities
Pz < X <z +dx)

']
5z—0 ox

e Note that densities are non-negative, but can be greater than 1
(they are not probabilities)i

e However
b
Pla < X <)) :/ fx(x)dz

is a probability and is less than or equal to 11

Densities and Bayes
e Bayes' rule also applies to densities

P(Y]z)P(z < X <z + ),

Plx <X <z+0z]Y) = ) 1

e Dividing by dx and taking the limit dx — 0

B(Y |o) fx ()

PY)

Ixy(2]Y) =

e Similarly if X is discrete and Y continuous

_ Irix P,

PXy) fv(y)

e If both X and Y are continuous

Tyix(ylz) fx(z)

fr(y) '

Ixpy(@ly) =

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 9

Practical Bayesian Inference

e Often consider learning parameters 6

p(D|0)p(6)

p(D) :

p(0|D) =

e This can be hard for large data sets as the posterior, p(6|D), is
often a messi

e If we are lucky and have a simple likelihood then if we choose the
right prior we end up with a posterior of the same form as the
priorl

e This occurs in some classic probabilistic inference problems, but
as we will see soon it is also true for Gaussian Processesl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 10

QOutline

1. Bayes' Rule
2. Conjugate Priors

3. Uninformative Priors
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Learning a Probability

e Suppose we have a coin and we want to establish the probability
of a headi

e We want to learn this from a series of independent trialsl

e (Independent trials with two possible outcomes are known in
probability theory as Bernoulli trials)i

o Let X; equal 1 if the i*" trial is a head and 0 otherwisel
e |If the probability of a head is p then the likelihood of a X; is

p if X =1

P(Xilp) = p™i(1 —p)" "= {(1 —-p) ifX;= 0

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 12

Prior
e We may have a prior belief (e.g. we have made a few trials or we

see the coin looks like a normal penny)i

e We will suppose we can model our prior belief in terms of a
Beta distribution

f(p) = Beta(pla,b) =

e B(a,b) is just a normalisation constant

[(a)(b)

T(at0)

1
Blab) = / P11 = p)ldp =
0

e This is a useful function for modelling the distribution of a
random variable in the range 0 to 11
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Uninformative Prior

e Suppose we have no idea about p what should we do?1

e Laplace (one of the first Bayesian's) suggested giving equal
weighting to all values of pi

e This corresponds to a beta distribution with a = b = 11

e (Surprisingly other arguments suggest using a = b = 0 which
provides a strong bias towards p =0 and p = 1)i

e Given enough data the prior is not so important and we will stick
with Laplace for nowl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Independent Trials
e Using Bayes' rule

P(Dlp) f(p)

PD)

f(pID) =

e Assuming the trials are independent (a reasonably fair assumption
for tossing coins) then the likelihood factorises

P(Dlp) = [[p*(1 —p)'*a
=1

=p (1= p) N1 = p) 2N (1 - p)
=p=iXi(1 — p)=ill=X) = p*(1 — p)" =

s =, X; (number of successes/heads)i
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Posterior

e Plugging in a prior f(p) = Beta(p|ao,bo)

P('D\p)j(p) _ ps(l 71))"*5 X an*l(l 7p)b071=
P(D) P(D) B(ao,by)

f(pID) =

e The denominator is a normalising factor

Conjugate Priors
e The posterior distribution is Beta distribution
pHao—1(1 — pyn—s+bo-1
B(s+ ag,n — s+ bg)

f(p|D) = = Beta(p|s + ag,n — s+ bo)l

e Something rather nice happenedi

e Starting with a beta distributed prior f(p) = Beta(p|ag,bp) for a
set of Bernoulli trials we obtain a beta distributed posterior
f(p|D) = Beta(plao + s,b0 + 1 — s)I

1 1ps+u071(1 . p)'nfsﬁ»bofl
P(D)= | P(Dlp)f(p)dp = dp e This is not always the case (often the posterior will be very
0 0 B(ag,bo) . . o .

complicated) but it happens for a few likelihoods and priorst

_ B(s+agn—s+ bo).

a B(ag,bo) e When the posterior is the same as the prior then the likelihood
and prior distributions are said to be conjugatel
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Incremental Updating

e For independent data we can update incrementally
D = (X1, X2,...,Xn)

FplX1) = %‘

_ Bl (1)

f(plX1,X2) = T,
f(plX1,Xa,...,.X,) = P(Xalp) f (Pl X1, Xn 1),

P(X,)
e The posterior becomes the prior for the next piece of datal

e For our problem the posterior is always Beta distributedi

Example (p=0.7)

P ={HLHHHT,T,T,HHHHTHTHEELHLHEHTHHEHHTHHHT}

f01D) = o o
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Estimating Prediction Errors

o A full Bayesian treatment gives a prediction of its own errorl
e Assuming f(p|D) = Beta(pla,b)
e The expected value of p is given by a/(a +b) = 23/32 = 0.721

e The standard deviation is

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Poisson Likelihoods

e Let's look at a second example of conjugate priorsi

e Suppose we want to find the rate of traffic along a road between
1:00pm and 2:00pmi

e \We assume the number of cars is given by a Poisson distribution

u~
P(N) = Pois(N|u) = —e "

ab N!
= 0.081
(a+b)2(a+b+1)
e i is the rate of traffic per hour which we want to infer from
observation taken on different daysl
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Using Bayes Posterior

e Let us assume a Gamma distributed prior

bgioua071€7b0“

p(u) = F(M|a()7b0) - F((L)

e We will assume that we know nothing. The uninformative prior is
ag = b() =01

e The data is D = {Ny,No,....N, }i

e The likelihood is Pois(N;|u)l

e The posterior after seeing the first piece of data is

P(p|N1) o< P(N1|p)p(p)t
N1
Ko
X me 1%
o MN1+”0_1e_(h0+1)“l

ap—1,—bop

e

e The posterior is also a Gamma distribution I'(u|ay,b1) with
a1 = ap + Nl, 1)1 = bo + 1
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Example (u = 5)

D = {4}4)6}4)2)2}519}5}4)3)2}5}4}4}11}6}2}3}11}

QOutline

0% w20 -
(2| 880 %M o = 88,bb=088
(18099 s ,
1. Bayes' Rule
2. Conjugate Priors
— i 3. Uninformative Priors
10 15 20 ’
1
a 96 a
E[u] :3:2—0:4.8 V/Var(u) = ‘/;T‘z:()"r)'
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Uninformative Priors

e What if we have no prior knowledge, what should we do?1

e OK usually we know whether we should make a measurement
using a micrometer, ruler or car mileage, but we might still know
almost nothingi

e This led to Bayesian statistics being labelled as subjectivel
e However Ed. Jaynes (the greatest proponent of Bayesian

methods) argued that we could answer this using symmetry
argumentsl

Uninformative Priors for Scale Parameter

e Why did we choose ag = by = 0 implying a prior p(u) = 1/un

(1)

P(A<p<B)y=PA<p<B)

S
I
S
]

e That is, we have no idea on what scale to measure p

B BJc By By
/ p(p)dp = / p(p)dpa= / —p(=)dvi= / “p(%ydm
A Alc A4 C C A€ C

making a change of variables = v/d

o Or p(p) = ;p(%) implying p(p) oc 11
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Benford’s Law
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Population Size of 238 Countries

0.30F -
e Numbers occurring in life (physical constants, amounts of money) 0250
should not depend on the units (scale) measuring themi ¥
0.20F
e They should then be distributed as p(z) o 1/21 E .
015F
e A curious consequence of this is that the significant figure has a 2
distribution 010p . .
1 107410 a .
[nn+ da 10:+ da 005§ : .
P(most s.f. of 2 =n) = “45 1= =7 1 ¥
101 -100 1
fi s 10 747
R : 1 2 3 4 5 6 7 8 9
log(n + 1) — log(n) n+1 ]
= log(10) logy ) Significant Figure
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Conclusion

e Bayesian inference provides a coherent framework which we can
use for machine learningi

e However, it requires a model of what is happeningl

e In practice Bayesian methods are easy if the data is generated
from a likelihood with a conjugate prior distribution—we have to
be clever to choose the right priorl

e We will see in the next lecture that much more frequently we will
have likelihoods with no conjugate prior and we have to work
much harderl

e When we have no knowledge there are consistent ways to express
our ignorancel
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Mathematics of Machine Learning
Integral Calculus
b n—1
flz)dz = 6?2102(55#1 — ;) f(z:)
a CTi=0

~ 1.093

T
a V1 T2 T3 Ty T5 Tg X7 b

Riemann Integration, integration by parts, gaussian integrals

QOutline

fzy)

1. Defining Integrals
2. Doing Integrals

3. Gaussian Integrals
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Riemann Integral

e Integrals represent area beneath a curvel

A b n—1

f(z)dz = 621{}02(%+1 - z;) f(@:)

T ~ 1.083

a=%p T2 T3 T2 Ts T 7 b= Tn 1
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Linearity of Integration

e Integration is a linear operator

T

b n—1
[ 0@+ sgle)do = fim Y- (wesr = ) () + sgla))
a i=0

= 52130 <i($r+l —ay)r flai) + i(%‘ﬂ - wi)'59($z)>|

i=0 =0
n-1 n-1
= lim <T D (@i — @) flwi) + 5 (i1 — T;)!](”ﬁ))'
Sx;—0
=0 =0
n-1 n—1

s (Tis1 — @) f2i) + So';lni,IEoZO(m”l — i) gzl
p
b
a

i=0
= 7‘/:]”(,76)(1.7: + s‘/ flx)da
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Fundamental Law of Calculus
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The Other Way Around

o Let e Consider
. n—1 vdf(x) "y f ) — f@)
I(a,z) = / f(z)dz = lim Z(ziH —zi) f(zi /a a0 :/u S, ox dat
a 0220725 n—1 . .
= 111}} H[]Z:(ﬂciﬂ - l‘i)ifwiﬂ) : Z.(a?z)l
e Now for small dz o T im0 B
n—1
&y = lim DZ(.f(l'HI) = flan
z+dox n—1 Tip1—Ti—> =
I{a,z 4 ox) = / f(z)da= 5?210 (zit1 — 2i) f(2:) + om f(a)h = (f(z1) = f(z0)) + (f(z2) — fl21)) + (flas) — f(22)) + -
¢ o0 + (f@n1) = f(@n-2)) + (f(@n) = [(@a-1))N
= f(an) — f(zo)= £(b) — f(a)l
o Thus f(zn) = fzo)l= f(b) = f(a)
di(a,z) — lim I(z + dz) — I(:c)I: lix oz f(x) = f(a) e We can think of integration as an anti-derivative—it undoes
dx 520 ox sz—0 Ox differentiationt
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Indefinite Integrals

e So far we have considered definite integrals where we integrate
between two points (a and b)i

e However, when think about integration as an anti-derivative, it is
useful to think of a function F(z) = [ f(z)dx

e So that F'(z) = f(a)

e However the function F(z), F(z) + 1, F(x)+ , etc. all have the
same derivative so F'(x) is only defined up to an additive constantl

o Note that the definite integral is given by

b
/ f(z)dz = F(b) — F(a)

Multiple Integrals

e For functions involving many independent variables (e.g. f(z,y),
f(z,y,2), f(x)) we can integrate over multiple dimensionsl

e For example I, 1/)*

Z/ ) dady

o |t gets tedious writing multiple integral signs and | tend to write
just one

/u-/f(xl,xz,...,xn)dxldx2-~-dxnlz /f(a:)da:l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7
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QOutline

f@y)

1. Defining Integrals
2. Doing Integrals

3. Gaussian Integrals

Performing Integration

e A key method for performing integrals is through knowledge of
the anti-derivativel

o If we know F'(z) = f(z) then F(z)+ ¢ = [ f(z)dal

o E.g. we know that dz"/dx = na"~! therefore

, 1
/9{;’“1(1:1: =—
n,

b bn n
_ a
/ 2" ldr = ———1
a

n n

dz™

da
dz

=—I+d
n

and

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Is Integration Straightforward?
e We saw, due to the product and chain rules, that we can
differentiate almost anythingl Given integration is the

anti-derivative can we integrate anything?1

e Products and compositions

/f g(x)de =

e Unfortunately, unlike differentiation we don't have a small
parameter we can expand inl

/ Flg(@))dz =7

e In general integration is hardi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 10

Integration by Parts

df(t)a(t) df( )

o Recall the product rule g(@)+f (= )di’i(;")l

e Integrating we get

by p byr b
/’lidj(?tg(x)dx:/a L{lg)g(x)dx—&-/a f(l’)dg(r)dxl

dz
= [f(z)g(x)])1= f(b)g(b) — f(a)g(a)

e Unfortunately we get two integralsi but we can turn this around

b X
WD gy~ p(w)g(a)l - [ @) o ()t

f( ) e

whether this is helpful depends on f(x) and g(x)
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Example of Integration by Parts

e Consider
oo i oo (—e—®
(=) :/o ;L‘Ze’“'(ixlz/o :L‘Zi((dz )d;cl
2 —\10 *dx*® o
= [27(—e )}0 —A o (—e™")dat
oo OO
= / (z2*"He dal= z/ 2* e "dal= 2TI(z — 1)
Jo Jo
e Thus II(z) = zII(z — 1), but

—M=1

e Now
II(n) =nll(n—1) =n(n—1)I(n—2) =n(n—1)(n—2)...

1=nh

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 12

Substitution

e We can make a transformation from z to ul= u(z)

b n—1
/a e = fim 32 () rivs = )

n—1

= lim Zj 7%“) (ui)(qu — )l

5u,~>0 i1 — Uy

ru(b) dx(u) /
:./“m f(a?(u))idu du

where u; is such that x(u;) = z; or u; = u(x
the inverse of z(u)l

using lim Zlwrl=ol)
Su;—0 Wit1— U

i) where u(x) is

da(u;)
du 1
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Example of Integration by Substitution

e We consider I(n) fx e 21

e Let u(z) = 2%/2 or x(u) = v/2u so that

da(u)
du

7=
e Thus
/ 1
n -1
— o' WTremtdul= 2 l1'[(”2 >I

0

e I(1)=1I(3)=2x1'=21(5) =2%x 2! =8} but
1(0) = I(=1/2)/V21 1(2) = V211(1/2) = I1(~1/2) /v
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Changing Variables in Multidimensional Space

e When changing variables in many dimensions & — u the change
of variables involves the Jacobian

oz dm .. O
Ju,  ou; Ju
8z, oOzs . Ozp
/ dz—/f ))|det(])|dw, J =] 9uz Ouz dun |11
dzn  Omn ... Oz
duy  Ouy 7

e E.g. transforming from Cartesian coordinates (z,y) to polar
coordinates (r,0) then @ = rcos(f) and y = rsin(f)

dct,<0rg£(9) ()Nm(g)) dCt(ceﬁ(W Mm(ﬁ)) ‘I

|det (D) = o - sin(@)  rcos(0)

=r(cos*(0) + 51112(9))|: 7l

e That is, dedy = rdrda

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/
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Change of Variables in Pictures Differentiating Through the Integral

1
A e A trick that sometimes works is differentiating through an
. integral, e.g. ider findi t
Ly = TSIH(G) 3 integral, e.g. consider finding moments
X :/€ dﬂ: o]
- M, =E[X"] = / 2" fx(z)dal
Vz — 00
7 A=y | -
7 e We can define a momentum generating function
e — 2 2 ‘
T=\/2°+ >
e y 2(0) = / o o () dal
ps ” e
7,
_ _ Y
G 4 arctan(x) e Then M, = Z(™(0)i(the n'" derivative of Z(¢) at £ = O)i
Z
> drz ¢ o] dnem o] )
! 775) = / a0 fx(x)dad= / 2" fx(z)dal= M,
xr = 'I’%OS(G) I =0 J- =0 J -
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Cumulant Generating Function More Integration
e Note that e’® = 1+ (z + 30%z% + %E‘%:‘ R | o Although we have a few tricks, integration is hardi
e So e Surprisingly integration sometimes is easier when carried out in
oo 1. 1 the complex planel
o ' e This is a beautiful part of mathematicsi(due largely to
o Now using log(1 + ¢) = ¢ — %62 + %53 4o Cauchy)e—but beyond the scope of this coursel
G(0) = log(Z(0)) = £M; + léQ(Mz —M2) + l/ﬁ‘(Mg — 3My My + 2MP) + -1 o Interestingly, also there is an algorithm that allows us to integrate
2 3 a lot of functionl It is sufficiently complicated that you need to
e So that s, — G("'>((J) with #1 = M, (the mean), rg = My — M12 write a computer algorithm of considerable complexity to
n — ' - v Ve T - H B H H
(the variance), k3 = M3 — 3MyM; + 2M3 (the third cumulant implement it! Most symbolic manipulation packages (e.g.

related to the skewness)i Mathematica) have implemented some part of this algorithmi
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Special Functions Outline

e There are integrals with no known closed form solutioni

o0
e We saw that II(z) = [z*e~"dux satisfies II(z) = zII(z — 1)i
0

fwy)

e For integer n then II(n) = n!) but for general z, the integal TI(z)
can't be written in terms of elementary functionsl 1. Defining Integrals

. . N . 2. Doing Integral
e We consider II(z) as a special function in its own rightl oing Integrals

3. Gaussian Integrals
e Although, history has left us with the gamma function instead

T'(z) = /O%mz_le_”d:tlz II(z— 1)

e Other special function defined by integrals exist (e.g. the Bessel ,

Aire, hypergeometric, elliptic, error functions, ... )i
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Gaussian Integrals The Gaussian Integral

e The integral over a Gaussian is surprisingly difficult

. . . . . — 2
e Gaussian integrals are integrals involving e, e.g.

> 2 > 2
/ e ¥ dr / e b qm
—o0 —o0

e They are.lm.port.ant in computing integrals with respect to the I :/ e,wz/QdI/ 24y :/ / D gyl
normal distribution N —oo —ood oo

L= / e=/2al

e There is a nice trick which is to consider

1 2 2
. _ —(@-)?/(2
j\/’(.L‘,u,(T) = T e (@=m*/ (2% e Making the change of variables r = /2% + y? and 0 = arctan(y/z) (so that
T 2 =rcos(f), y = rsin(d) and 2% + y? = r?)
e The great news is that these integrals are all doablel 2 oo oo
2 _ —r?/29, _ —r?/2
[17/ d9/ re d7727r/ re drl
Jo Jo 0

e The bad news is that they are quite tricky to dol
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The Gaussian Integral Continued

e From before

I3 :271'/ re " 2dr
0

o Finally let u = 72/2 so that du/dr = r or du = rdr we get

. o0
I} =2r / e "du =27l
0

e So that I1 = /27l

o Incidentally, I; = v/2II(—1/2) so TI(—1/2) = T(1/2) = /7l

Normal Distribution

o We consider

I = /Oo o= @=m?/(20%) 444

—00

e Making the change of variables z = (z — p) /o so that dz = dz /o
or dz = odz. Then

I, = (7/ e #2dy = oly = V2mol
e Note that the probability density function (PDF) for a normally
distributed random variable is given by

o (@=)?/(20%)

N(z | p,o?) =

uxe
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Multi-dimensional Gaussians

I3 :/ / e zl®llaqy, - da,,
—0o0 — 00

T

e Consider

where @ = (21,22,...,2,)

e Note that ||x||3 = 22 + 23 + --- + 22 and using eXi% = [[e%

1
S LS or
I3 = e =1 dxp---dald
—00 —00

n o n
= H/ e_‘”?/de,;I: H\/ﬂ =(2m)"/
=17 00 i=1
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Full Multi-variate Normal

o B T=—1
Iy :/ / e~z(@—p) = (w”')d:vl---dwnl
—00 —0o0

o Let =7 = VA~'VT and make the change of variables y = VT(z — p)l

e Consider

e The Jacobian J has elements (note that € = Vy + )

Jx; 17} -
Jij = 8;/; = o, (Z‘/mw» + /ti> = Vil

k=1

e So that J] = V and consequently |det(])| = |det(V)| = 1iithen

I :/ / c’%yT’rlydg/yudg/,,p _ H/ c"’/%/(“’)dy, _ H /270
—oo  J—oo i=17/ = i
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Determinants
o Using the facts, that == VAVT then

det(Z) = det(VAVI= det(V) det(A) det(VT = det(A)l= ﬁ/\,l
i=1

using det(AB) = det(A)det(B)land det(V) = 11
e Recall I, = [[,v27\ 1= (27)"/2/det(E)
e We note for an n x n matrix M then det(cM) = ¢"det(M) so that

I = (27)"%\/det(Z) = /det(2nE)

e Finally, we get that for the PDF of a normal to integrate to 1

o de@-m) = @-n)

N(E\ME):W
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Summary

e Integration is extra-ordinarily useful as a tool of analysisl

e |t occurs when you work with probabilities densities for
continuous random variablesl

e Integration is beautiful, but hardé—often impossiblel
e Normal distributions lucky almost always give raise to integrals
that can be computed in closed formj although often it requires

quite a bit of workl

e Making friends with integration will give you a super-power that
not too many people sharel
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Mathematics of Machine Learning

Gaussian Processes

QOutline

1. ML with Gaussians
2. Gaussian Processes

3. Bayesian Inference

~
7
4. Hyper-parameters
=T
N\
Gaussian Processes, regression
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Machine Learning with Gaussians
e Due to the fact that we can analytically integrate over
multivariate Gaussians they are heavily used of machine learningl

e Examples include multivariate modelling, Kalman filters and
Gaussian Processesl

e Despite being analytically tractable, they are very fiddlyl

e This is mainly because it is easy to specify means, u, and
covariance, C, but Gaussians involve the inverse covariance matrix

Completing the Square

e One of the key tools for performing Gaussian integrals is
“completing the square”

1 1 1 1
—inC_lw +a'x = —§wTC‘1m + iaTm + imTaI
I [ R I
=——x C xz+-a CC z+-x'C "Cal
2 2 2
1 1
= —5(:L‘T —a'C)C Yz — Ca) + éaTCal

e This gives us the Hubbard-Stratonovich transformation

o0 o 3eC aralx Ooe L@"-aTe)c Y (z—Ca)tdaTCa .
1 _ —F——da = da!
o 3@—m)TC (@—p) oo V/1det(270)] . V/ldet(27C)]
Nz | 1,C) = o — o . .
(181:(27{'(:) _ / N(:E | Ca,C)efa Cadwl: 029 Cal
J =00
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Moment Generating Function Covariance

e Again through completing the square we can show

M(a) = / e“Tw/\/(m | 1, C)dx = ea'mtyalCay

J —o0
e The first moment is given by

Elz] = VoM (a)|,_Ji= (1 + Ca)e“T‘”%“TC“ 1=l
0

a=

e The second moment is

92M(a)

Elz;x;] = BB
7 J la=0

1= iy + Cijl

e The covariance is given by
El(zi — pi) (zj — 13)] = Cijt
or E[(z — p)(z—p)'] =C
e The cumulant generating function is given by

Cla) =log(M(a)) = a'p + %aTca.

e The mean is equal to VC(a)|q—0 = i

9%C(a) _ Cijl

e The covariance is given by 5=~
1985 | q—0

e Normal distributions have no high cumulants (skewness, curtosis)i

Adam Priigel-Bennett Mathematics of Machine Learning

Multivariate Normals

- ’@.\r((.ww ()=

) -1 T
“3aT-n Ty - (B 2) (m ”y)
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Marinalising Multivariate Normals

e | can define a moment generating function,

M(a,b) = ‘/e(aT,bT)@:Zj)N((g) (5;”) (4 g))dmdm

_ C%(GTJ’T)(];\T E)(%).Z o3(a’Aa+bTCbi2a"Bb),

e If | set b = 0 this is equivalent to marginalising out yi

o But then we just get M (a,0) = cba'Agy

“\ A B e
N(@)| (o v(BT c) - I
" det (27 (2 B)) o : :
B' C e This is the same as the moment generating function for
N(x | p*, AN
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Marinalising Multivariate Normals Continued

e An important and non-trivial result is
[x(w)

e You would think this is easy to prove by straightforward
integration but it ain'tl

(4). (% &) )dy = M@ | u*, AN

e |t can be done, but it is a page of workl

QOutline

1. ML with Gaussians
2. Gaussian Processes
3. Bayesian Inference

4. Hyper-parameters
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Gaussian Proccesses

e Gaussian processes (GPs) are a mathematically defined ensemble
of functionsl

e They can be combined with Bayesian inference to give one of the
most powerful regression techniquesi

o Although Bayesian they can be used in a black-box fashion due to
the ubiquity of the priorl

e Mathematically they are a bit complicatedi(because Gaussians
involve the inverse of matrices which are a real pain to work with)i

e In practice they aren't that difficult to usel
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Regression

e In regression we try to fit a multi-dimensional function to our datal

e (You can use Gaussian Processes for classification, e.g. by
inferring the probabilities of being in a class, but we ignore this as
regression is where GP excel)l

e In regression we have some p dimensional feature vectors x; and
some target y; € RiI

e Our task is to fit a function through all the data pointsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 1

Priors on Functions

e We can think of a solution as a function f(x)I

e We can put a prior probability distribution, p(f), on a function,
f, that prefers smooth functionsl

e We can then compute a posterior probability distribution on
functions given the data, p(f|D)

e As a likelihood, p(y;|f(x;)), we use the probability of observing y;
given the true function value is f(x;)l

e In general, this would be next to impossible to computel except in
the special case where everything is Gaussian (normally)
distributedi
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Gaussian Processes

e Gaussian Processes are probability distributions over functionsl

e (Functions can be viewed as vectors in an infinite dimensional
vector space)l

e In the Gaussian Process, GP(m,k), the probability of a function,
f, is proportional

e / (F() = m(@)k™ 2.9) (/) = m(w))ddy,

e The function m(x) is the mean E[f ()] (usually taken to be zero
in most inference problems)i
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Meaning of GP
e To understand GP’s we can discretise space, @, into a lattice of
points {x; }1

e Then (assuming m(x) = 0)

2p—1 x;,T; -
S ) 4 g N R ) £
p(flm.k) o He '

where f; = f(x;)i

e We see that the value of the function at each point is normally
distributed with a mean that depends on functions at
neighbouring pointsi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Covariance function

e k(x,y) is a covariance function
E[(f(x) —m(x)) (f(y) —m(y))] = k(x,y)

e This is sometimes know as a kernelt—it must be positive
semi-definitel (just like in SVMs)I

e It is a free “parameter” that the user gets to choose (although we
can learn its parameters too)l

e If k(z,y) is a function of x — y it is “stationary”l

o If k(x,y) is a function of ||z — y|| it is also “isometric”1
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Popular Choices of GP Kernel Function
e Constant: kc(xz,y) = Ci

e Gaussian noise: kN (Z,y) = 020,41

a2
e Squared exponential: ksp(z,y) = exp<7M>l

Gaussian Process Worlds

(a) X(t) ~ GP(0,exp(=0.1(t2 — 11)*))

4
2 —

X(t) 0 W
2
4

202 -
0 10 20 ¢ 30 40 5OI
. _ B llz —yll
e Ornstein—Uhlenbeck: kou(x,y) = exp 7 1
A (b) X(t) ~ GP(0,exp(—|t — t][))
'le(zvy) Ko][»‘(z-,y)
04 : : eyl [)N la=yl
1 2 3 ° 0 1 2 3 0°
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2-D Gaussian Processes Outline

1. ML with Gaussians
2. Gaussian Processes
3. Bayesian Inference

4. Hyper-parameters
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Observed Gaussian Processes

e Given some data points D = ((a;,y;)|i = 1,...,m) the likelihood
(assuming Gaussian error are independence of the data point) is
given by

m

p(D|f) = HN(yz'U(wi).,UQ)I
i=1

e Using a Gausssian Process prior we can compute a posterior using
Bayes's rulel

e The posterior is a Gaussian Process with a shifted mean and
variance depending on the data-pointsl

e This direct Bayesian derivation gives the answer involving the
inverse matrix of the correlation function, k:*l(m,y)l—this is a
pain to work withi
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Alternative Derivation

e Denoting the target values as a vector y with elements y;i

e Denoting the matrices of covariances between data points as K
with elements k(x;, ;)i

e Denoting the covariance between the data points and a particular
position, @, as k., with elements k(z;,z.)l

e Denoting the variance a point @, as k., = k(x., @)l

e Then the distribution of function values at points at «; and x., is

K401 k.
0,( 7 m))'

P(y.f.) = N((_’fi)
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Conditional Probability

e To compute the posterior p(f.|y) we use

~ p(foy)
p(fily) = o) 1

e where p(y) = fp(f*vy)dfﬂ

e Because all integrals are Gaussian we can compute the integral to
obtain

p(f.ly) = N(.f*

ET(K+ 02Dty k — k] (K+ 021)*‘k*>|
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K(z,2") = exp(—(z — 2/)?/(20%))

1
e Looks complicated, but numerically easy to evaluatel
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Multi-dimensional Regression

e |'ve shown a 1-D regression example because it is easy to visualisel
e This might be used with a time seriesl

e The much more typical situation in machine learning is for x to
have many features so we are doing multi-dimensional regressionl

e Gaussian process inference were first used in spatial problems
where it was known as kriggingi

e |t was re-invented by the machine learning community who call it
Gaussian Processes (GP)I

QOutline

1. ML with Gaussians
2. Gaussian Processes
3. Bayesian Inference

4. Hyper-parameters
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Choosing the Correct Covariance Function

e Choosing the correct covariance function is criticall

e Most covariance functions include a continuous hyper-parameter
(e.g. the correlation length ¢) that we have to choose correctlyl

e This is typical of many Bayesian problems where we have some
set of hyper-parameters, ¢, describing the modell

e These are different to the normal parameters we learn (e.g.
weights w or in GP the functions f(x))l

e In Bayesian inference we learn the posterior for these normal
parameters

p(Dlf.®)plf16)
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Evidence Framework

e The normalisation factor, p(D|¢) is known as the marginal
likelihood or evidence

p(D|¢) = / (DI, ®)p(f]6)d i

e We can perform a Bayesian calculation at a second level by
putting a prior on ¢

p(DlD)p(8),

p(¢|D) = (D)

e From this we can now marginalise out the hyper-parameters

p(fID) = / D(f1D,8)p(¢|D)dg
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Maximum-Likelihood-1I

e The integral

p(f|D) = / (f1D.®)p(¢|D)dgs

usually can’t be computed analytically and we have to use Monte
Carlo methods (see later lecture)l

e An alternative is to use the most likely hyper-parametert
e We can find this by using gradient search of p(D|®)i
e This is sometimes referred to as ML-11i

e Normally even this can be difficult, but for GP its not too difficult
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Evidence for GP

e For GP the (log)-evidence can be computed in closed form
1 4 5 1 5 m
log(p(D]¢p)) =1— Y (K+ o Tyr— §log(\K + o’ 1|)1— Elog(%r)l
First term measures goodness of fitl
Second term measure complexity of modell
Last term is a common normalisation constantl

e Can efficiently compute derivatives and find best parametersi

e Could overfitli
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Example (slightly pathological)

noise standard deviation

6 0 2 20

8
characteristic length
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Conclusions

e Gaussian processes are very powerful for regression (and
classification?)i

e Because all calculations involve Gaussian integrals we can
compute everything in closed formi

e (Actually its a pain to do the mathematics because you end up
working with inverse of matrices)l

e Fairly generic (black-box) technique because the prior captures
many continuity constraintsl

e We can use the evidence framework (probability of data) to do
model selection and hyper-parameter optimisationsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ El

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 32



Mathematics of Machine Learning
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Building Probabilistic Models

e To describe a system with uncertainty we use random variables,
X,Y, Z, etcl

e \We use the convention of writing random variables in capitals
(this is sometimes confusing as when you observe a random
variables it is no longer random)i

e The variables are described by probability mass function
P(X,Y,Z) or if our variables are continuous, but probability
densities fx vy, z(z,y,2)1

e A major rule of probability is

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 2

Conditional Probabilities

e When developing models it is often useful to consider conditional
probabilities e.g. P(X,Y'|Z) or fx|y,z(z|y,z)i

e A second major rule in probabilistic modelling is

P(X,Y) =P(X|Y)P(Y) = P(Y|X)P(X)I

e This is a mathematical identity that does not imply causality (it
defines conditional probability)i

_ . _ P(Y|X)P(X
§ :IP’(X,Y,Z) =P, Z) e |t is the origins of Bayes' rule: P(X|Y) = P(Y]X)P(X) )I
X P(Y)
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Discriminative Models

e \We often think of our observations as given and the predictions as
random variablesl

e For example we might be given some features = and we wish to
predict a class C' € Ci

e Our objective is then to find the probability P(C|z)I
e This is known as a discriminative modell

e E.g. in foundations of machine learning you learnt how to find
the Bayes' optimal discrimination surfacel

Generative Models

e Sometimes it is easy to think about the joint process of
generating the features and outputs togetherl

e This leads to a joint distribution P(X,Y") where X are your
features and Y is your output you are trying to predictl

e This is known as a generative modeli
e Generative models are often more natural to think aboutl
e We can use them to do discrimination using

P(Y|X) _P(XY) _ PX)Y)

P(X)  YP(X.Y)
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Latent Variables

e Sometimes we have models that involve random variables that we
don't observe and we don't care aboutl

e These are called latent variablesi

e If we have a latent variable Z and observed variable X and we
are predicting a variable Y then we would marginalise over the
latent variable

P(X.Y) =) P(XY,Z)
Z
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Modelling Virus

e Suppose we want to estimate the number of hospitalisation from
Corona virus in the next monthi

e QOur observable is the number of reported casesl

e In our model we might want to estimate the number of actual
casesl

e This would be a latent variable (it is not an observable or our
final target, but it is very useful intermediate in our model)i

e This will be a random variable (it is uncertain, but we can build a
probabilistic model giving a distribution of number of actual
cases)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7
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Hierarchical Models

e Of course, if | was really modelling the spread of a disease | would
care about the probability, f(C|A,V), of catching the disease, C,
given the persons age A and the variant of the disease Vi

e | would want to know the distribution of ages f(A) and try to
infer the probability of different variants P(V)1

e | would care about the probability, f(R|A,V), of cases being
reported given age and variantl

e And the probability, f(H|A,V), of hospitalisation given A and V1

e This would involve an elaborate (hierarchical) model with a large
number of latent variablesl

Probabilistic Inference

e We can use Bayes' rules to learn a set of parameter ® that occur
in our likelihood function

P(D|®)P(©®)

P(®|D) = ——F———1

©p) =225

e This provides us a full probabilistic description of the parametersi
e It doesn't overfit (we are not choosing the best)l

e Bayesian inference provides a description of its own uncertaintyl

e We need to specify a likelihood and prior, but this is usually not
difficults
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Problem with Bayes

e Bayes is problematic because it is often hardi
e The posterior is often not expressible as a nice probability functiont
e We need to compute the evidence or margin likelihood we use
P(D) = > P(D|®)P(O)
o
e But sometimes the number of values that ® can take are so large
that we cannot easily compute thisl

e Nevertheless we can usually do this using Monte Carlo techniquesl
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Maximum A Posteriori (MAP) Solution

e One work around is to compute the mode of the posterior

Oiap = argmax (D|©) /(8) = argmaxlog(f(D]©)) + log(/ (€)1

e We don't need to calculate f(D) or explicitly calculate the
posterior distributionl

e But it is not Bayesianl(despite what you are sometime told)i—its
not properly probabilisticl

e You can overfit and you don't get an estimate of the error in your
inferencel
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Maximum Likelihood

e When we assume a uniform prior then the MAP solution is just
maximising the likelihoodl

e Weirdly this hack was accepted as part of mainstream statistics
even when Bayesian statistics was considered unscientificl

e Maximum likelihood is often sufficient for government work, but
it isn't the best you can dol

e In high-dimensional problems using a non-uniform prior can make
a big differencel

e And, of course, doing a full probabilistic calculation has real
advantagesl(no overfitting, estimate of error, etc.)l
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Mixture of Gaussians

e Suppose we were observing the decays from two types of
short-lived particle, A or BiI

e \We observe the half life, X;, but not the particle typel

e We assume X is normally distributed with unknown means and
variances: © = {14, 0%, 15, o5}

e Let Z; € {0,1} be an indicator that particle i is of type Al
e The probability of X; is given by

f(XZ|Z“®) = ZLN(X1|HA70-124) + (1 — Zi)N(Xi‘uB,(r%)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Data
e Note that
fXi®) = Y f(XiZl®N= Y f(Xi|Zi,©)B(Z)

Z;e{0,1} Z;€{0,1}
=Bz, [f(Xi|Z:.0)= pN (X;|pa,0d) + (1 = pN(Xi|up.op)

0.25

flx)
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Maximum Likelihood
e To solve the model as a Bayesian we would have to assign priors
to our parameters © = (114,04,15,05,p)l

e This is doable, but complicated (we would also end up with a
distribution for our parameters)i

e Often we only want a reasonable estimate for some of our
parameters (e.g. the half-lives 14 and pup)i

e A reasonable approach is to seek those parameters that maximise
the likelihood of our observed data

fme) = [T rxien

XeD

QOutline
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Maximum Likelihood with Latent Variables

e The maximum likelihood is a non-linear function of the
parameters so cannot be immediately maximisedi

e If we knew which type of particle a data-point belongs to (Z;)
then it would be straightforward to maximise the likelihoodi

e As we don’t we need to estimate P(Z; = 1), but this depends on
A, 034, pg, 0p and pl

e We could use a standard optimiser, but this is slightly ineleganti

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 18

EM Algorithm
e Instead we can use an expectation-maximisation algorithm
usually known as an EM algorithmi

e We proceed iteratively by maximising the expected log-likelihood
with respect to the current set of parameters

O+ — arom: P(z|D,0")1 D|Z,O))
arggmxg ( D, )Og(f( 1Z,0))

e It isn't obvious why this worksl
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Why EM Algorithm Works

e The argument around why this works is quite involvedi

e Note that at each step we maximise

QeeY) = 3 P(2]D,00)lg(f(DIZ,0))

Ze{0,1}m

e We can show that the maximum, (1) is such that

log(£(DIO+1) ) ~log(£(DIO®)) = QO+ — QOO V)I= 01

e The details are given in the supplemental notesl
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Conditional Latent Variables

e We need to compute the distribution of latent variables
conditioned on the data and current estimated parametersl
e For our problem

P(z[p,0") = ﬁ]}v(zj\xi,(a(t))u

i=1
where
P(”N(Xz\uz)-aim)

NSI):U?«“U +(1— p(t))./\f(X,‘ug),agi))

IP’(Z, - 1\X,,,e<'>) -

p“U\"(Xi

]P’(ZL- - (J\X,,@m> —1- ]P’(Zi - 1|Xi7®(”))l
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EM for Mixture of Gaussians

e Maximise with respect to parameters 6

Q(616®) =>_P(2[D.01) log(f(
z i=1 Z;

m

-y ¥ P(z,,\x,,.ej”) (Zilog(p) + (1 — Zi)log(1 — p)

i=127;€{0,1} _
- 2 o
_ M — log(m Zf))l

92
Z”z,

e Compute update equations

D|Z,0))= iZP(Z,m,@”) log(f(X| Z:, @)1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 2

Update Equations

e Means

(t+1) _ Z;;lp(zi‘Xivo(t))Xi
Zi S P(Zi)X;,00)

e Variances

S P(ZiX00) (X — )
B S P(Zi]X:,00)

Jg£+1))2

e Probability of being type 1

n
1
9Q(O16) _ 9QMe18V) _ 9Qe1eV) _ P =23 (2= 1] X,,60)8
5 — Y - - n
Ok oy, ’ dp i=1
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Example Summary

1
0.5 : : p e Building probabilistic models is an intricate processl
1
0.5 jemmm e Identifying random variables that describe the system is the first
| I
% 10 2 %0 4 50 stepl
O
o R e Often we need to introduce variables that we don't observe and
= o
1 jroe need to be marginalised outl
% 10 20 50 40 50"
Hi e The EM algorithm provide one approach to maximising
Lk S— likelihoods or MAP solutions when we have latent variablesl
L S—
0 5 z 1o 150515 50 30 40 50 t| e It often gives nice update equations, but convergence can be slowl
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Bayesian Inference Gets Hard

e We saw that in some cases if we had a simple likelihood (normal,
binomial, Poisson, multinomial) you can choose a conjugate prior
(gamma-normal/Wishart, beta, gamma, Dirchlet) so that the
posterior has the same form as the priorl

e Very often we are working with more complex models where no
conjugate prior existsl

e The posterior is not described by a known distributionl

e We have to work a lot harder—particularly with multivariate
distributionsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 2

Bayesian Inference

e Recall our problem is that we are given some data Di

e Our posterior is given by

P(0|D) = ]P’i(DIP\)(O%I?(O) or

f(D16) f(6)
0|D) = ——~—~
e Where 0 are the parameters we are trying to inferl

e But our likelihood (and/or prior) might be quite complicatedi

e Typically we don't have a closed form representation for our
posterior distibutionl
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Complex Likelihoods

e In the classical problems with parameters, 6, that are well known
statistics such as the mean and variancel

e But suppose we are trying to distinguish between different models
of cosmological inflation (physics models of the early Universe)l

e Our data is the Cosmic Microwave Background measure by a
satellite telescopel

e Our parameter, 6, might represent unknown parameters of the
early universe (width of surface of scattering, number of
e-foldings, primordial perturbations, amount of cool dark matter)i

e Here the likelihood P(CMB | ) is far from a well known
probability distributioni
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Histograms, Samples and Means

e We could represent our posterior as a histogram, although for
multivariate distributions (i.e. when we are modelling more than
one variable) a histogram can be unwieldyl

e A sample from the posterior distribution is often sufficient e.g. in
our topic models (LDA) a typical set of topics is what we are after

e However, when samples vary a lot, often the most useful
quantities are expectation, e.g.

E[©] E[67] - E[0/]’
E[0,0,] - E[6]E[0)] E[©@0'] - E[@]E[O]I
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Sample Estimation

e If we can draw independent samples (aka deviates or variates),
®;, from our posterior distribution then we can obtain an
estimate of our expectation

Elg(@)] ~ " g(O0

e Provided our posterior distribution is well behaved the relative
error in our estimate will drop off as 1//nl

1@1D) f@1p)

‘Well behaved X X
Thick tailed

Poorly behaved

0 ol
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Drawing Random Samples

e Drawing (pseudo) random variables from a distribution is known
as Monte Carlol

e For some very simple distributions we can use the
transformation methods to transform a uniform distributioni

Exp(z|l) = e~* F(z[1) = [Exp(y|l)dy=1—¢""
1 1 o
0.8 0.8
0.6 0.6
04 04
0.2 0.2
0 X 0 PR { IR 1 NI T | z
0 1 2 3 4 5 0 1 2 3 4 51

Rejection Method

e The transformation method only works when we can easily
compute the inverse cumulative distribution function (CDF)I

e A more general technique is the rejection method where we
generate deviates from gy (y) such that cgy (z) > fx(z)i

e To draw deviates from fx(z) we draw a deviate Y ~ gy and then
accept the deviate with probability fx(Y)/(cgy(Y))

e The expected rejection rate is ¢ — 11

e Need to choose a good distribution gy (y)1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 9

Drawing Normal Deviates

153 Can(s) = 7y

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 71
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Problems with Rejection

e The rejection method is very general and often the method of
choice (although for normal deviates there is a clever
transformation method which is faster)i

e However, for complicated probability distributions it can be
difficult to find a good proposal distribution gy (y)i

e This is particular true for multivariate distributionsl

e |f the proposal distribution is poor ¢ might be very high and the
number of rejections is stupidly highl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 11
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Detailed Balance

e Suppose we have a set of states S and want to draw sample from
a probability distribution 7w = (m;]i € S)i

e We invent a dynamical system with a transition probability M;;
from state j to state ¢ such that

]\/]ijﬂj = A{jiﬂ'i

e This is known as detailed balancel

e Summing both sides over j

ZA/[”TF] - Z]\fﬂﬂ'llz ﬂ'il
J J

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 13

Convergence of MCMC

e Suppose we start from a state (0) = 3. ¢;v(") where the v(¥)'s
are an eigenvectors of the transition matrix M with eigenvalues A1

e |t | apply M many times then

z(t) = Mz (0)1= Mthiv@I: Z/\fciv(wl

e And flim x(t) = v* where v* is the eigenvector with the
[— 00

maximum eigenvaluel

e Now [Mu||; < |[[M][1]|v]|11= |Jv|/1lso the maximum eigenvalue is
liwith eigenvector 7wl(M is known as a stochastic matrix)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Metropolis Algorithm

e A very easy way to achieve detailed balance is starting from state
7 choose a “neighbouring” state, 7 with equal probabilityl

e We accept the move if either

T > T Or
we make the move with a probability 7;/7;1

o If m; > 5 then ALJ =1 and ]\5[]1 = 7T]‘/7Ti. Thus

;i
Mijm; =7 Mjim; = —va-l— ;i
T

e Note that we require the state i to have the same number of
neighbours as state j so that detailed balance is satisfiedl
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Continuous Variables

e |f we are working with continuous variables @ then the equation
for detailed balance for the transition probability W (6 — ') is

W (O — 0')(0) = W (O — 0)m(6')

e where 7(8) is the probability distribution we wish to sample fromi

e The update rule is to choose a nearby value 8’, compute
r =m(0")/m(6) and accept the update with probability min(1,7)1

e We require that the probability of choosing @ from 6’ is the same
as the reversel

What Makes MCMC Nice

e Because we are free to choose where we move (and choose close
by neighbours) 7(8’) ~ () so that moves are not too infrequentl

o Also very importantly the updates depend only on the ratio
w(0")/m(ON

e We only need to know our probabilities up to a multiplicative
scaling factorl

e For sampling from the posterior we only need to know the
likelihood and prior P(D|0)P(0)1(or f(D|O) f(O)N

e We don't need to know P(D) which we generally don't knowl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 17

What Makes MCMC Nasty

e |t can take a long time until our states occur with the probability
7 (i.e. we have forgotten our initial state)i

e We don’t even know how long we have to waitl

e Even when we have reached this equilibration time each sample
is correlated with the previous samplel

e To get a good approximation to the posterior expectation requires
running for many times the equilibration timel

e Note, if we are just finding sample averages then we can use all
samples after equilibrating even if they are not independentl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 18

Burn-In

T = 2000
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Proposals and Metropolis-Hastings

e We have some freedom in choosing a new proposal 6" from our
current position 6—a good choice can increase the acceptance
rate making the MCMC more efficientl

e We define the proposal distribution p(6’|0)i

e For the standard Metropolis algorithm to work we require
p(6'16) = p(6]6')

e In some cases (e.g when 6; > 0) this can be hard to achievel

e We can modify our update rule to accept a move with probability

uin 1, LD,
"n(@6)7(DI6) /0)
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Traffic Rate
e Consider monitoring the flow of traffic where we have data
D = (N1,Na,...,Ny,)
where N; is the number of car that past on day il
e We assume N; ~ Poi(u) and want to infer i
e The Poisson distribution has a beta conjugate priori

e We don't have any prior knowledge on p so we use a
non-informative prior Gam(p|0,0) = 1/a

e Note that we can solve this problem exactly—however, lets
compare with MCMCi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Proposal Distribution

e If we can choose our proposal distribution p(y/|i) to be close to

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

MCMC in Practice

the posterior distribution then our acceptance rate would be close 1
toln D ={4,4,6,4,2,2,5,9,5,4,3,2,5,4,4,11,6,2,3,11}
e We choose p(p/|i) = Gam(p/|i,1i?) which has E[i/] = u and 4
variance 1l
14
e We update with probability min(1,r) where
~ Gam(plp?,p")p TTiZ Poi(Nilu') i
Gam(p'| 2, 10) ; TTi=  Poi(Ni )
pGam(uyr ) —o=10+ 5 Vo (), 0- —
= e i=
1’ Gam (/| 2, 1) 0 10 1
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MCMC Details

e To compute correct histograms you need to count samples where
no move is made multiple timesl

e On modern computers its quite quick to compute millions of
samplesl

e The code is not very difficult to write (although care is need to
get everything correct)l

e This can be used on complicated problems such as topic models
(LDA) with thousands of parametersl

e The accuracy of MCMC is slow if it takes a long time to sample
the posterior distributionl

The MCMC Industry

o MCMC provides a means to accurately sample from very complex
modelsl

e There have been many advanced techniques developed to improve
MCMC performancel

e E.g. hybrid MCMC simulates a dynamics to find good proposals
with similar probability far from the starting pointl

e Often it seems that MCMC is complicated because there are so
many optimisations, but often simple implementations are
sufficientl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 25

Conclusions

e As soon as we use complex models we are no longer able to
compute the posterior in closed formi

e Monte Carlo techniques and particularly MCMC are a very
general method for computing samples from the posteriorl

e These techniques have been highly developed, but very frequently
even simple implementations are sufficient to do good inferencel

e MCMC is very easy to use, although it can be slowl

e There exist other methods such as variational approximations that
can be much quicker, but are approximationsl
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Question 1

e How does the transformation method work to generate random
deviates?

1. You transform from one distribution to another

2. You generate a uniformly distributed random number and apply
the inverse probability distribution function to it

3. You generate a uniformly distributed random number and apply
the inverse cumulative distribution function to it

4. You generate a uniformly distributed random number and apply

the probability distribution function to itl

e Answer: 3. You generate a uniformly distributed random number
and apply the inverse cumulative distribution function to itl
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Question 2

e How does the rejection method work to generate random
deviates?

1. You generate from a nearby distribution and apply a
transformation to the actual distribution

2. You generate a random deviate, Y with a distribution gy such
that Va, cgy (z) > fx(x) and then choose a uniform deviate U
and accept Y if Ucgy (V) < fx(Y)

3. You generate a random deviate, Y with a distribution gy such

that Vz, cgy (z) < fx(x) and then choose a uniform deviate U
and accept Y if Ucgy (V) > fx(Y')

e Answer: 2. You generate a random deviate, Y with a distribution
gy such that cgy () > fx(x) and then choose a uniform deviate
U and accept Y if Ucgy (V) < fx(Y')
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Question 3

e What is detailed balance?

1. It means you visit all possible values of the random variable
equally often

2. It is a Markov Chain that converges to a particular distribution
3. It is the condition that the transition matrix is stochastic

4. It is the equation M;;m; = Mj;ml

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 30

Question 4

e What statement is false about the transition matrix M;;?
1. Each column sums to one, i.e. it is a stochastic matrix

2. The absolute size of the eigenvalues are all less than or equal
tol

3. Both its rows and columns sum to one, i.e. it is doubly
stochastic

4. The equilibrium state correspond to the eigenvectors with

e Answer: 4. It is the equation M;;m; = M eigenvalue 11
e Answer: 3. Both its rows and columns sum to one, i.e. it is
doubly stochastic—this is not truel
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 31 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 32



Question 5
e What is the difference between the Metropolis algorithm and

Metropolis-Hastings

1. They are the same algorithm

2. In Metropolis-Hastings you chose the proposal move from a
non-symmetric distribution which you compensate for in the
acceptance criteria

3. You choose a transition probability that does not satisfy
detailed balance

4. You perform a molecular dynamics simulation to obtain the
proposal movel

e Answer: 2.In Metropolis-Hastings you chose the proposal move
from a non-symmetric distribution which you compensate for in
the acceptance criteria I

Question 6

e What statement is false about MCMC

1. Once you have reached an equilibrium state every state after
that is an independent deviate

2. It is useful for Bayesian inference because you don't have to
compute the marginal likelihood

3. Generally it is difficult to determine if you have reached an
equilibrium state

4. To compute expectation you can use every state once you have
reached equilibrium, but you need to count states if they are
accepted or rejected, as well as run for a long timel

e Answer: 1. Once you have reached an equilibrium state every
state after that is an independent deviate—this is falsel
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Measuring Uncertainty

e What is more uncertain tossing a coin three times or throwing a
dicel

e The answer depends on whether you care about the order of the
coin tossesl

e But, how do we answer such a question?l
e Let X be a random variable denoting the possible outcomesl
e Interestingly, Shannon entropy give a precise answer

Hx ==Y P(X =z)logy(P(X = z))
TeX
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Let’s Calculate

e For an honest dice D € {1,2,3,4,5,6} and P(D =1i) = 1/6 so

6
1 1 1
Hp = ‘Zgbg? <6> = —log, <6> = log,(6) ~ 2.584bitsl
i=1

e For an honest coin where we care about the order so
C € {000,001,...,111} the P(C =1i) = é and

7
1 1 1
He = fzélogQ (§> = —log, <§> = log,(8) = 3bitsl
=0

e This clearly makes sense: there are more possible outcomes; all
equally likelyl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/

Unordered Coin Toss

e What if we don't care about the order of the out-come then
P(HHH)=P(TTT)=1/8, P(HHT) =P(HTT) = 3/8 so

1 1 3 3
= —"loo,| =] — =log,| = | ~ 1. itsl
Hy log, (8) 4log2 <8> 1.811bits!

e This seems reasonable, although it is not obvious how you would
determine this without using entropyl

e But why Shannon entropy?
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Additive Entropy

e If Hy and Hy is the uncertainty of two independent random
variable X and Y, what is the uncertainty of the combined event

(X,Y)?
Hixy) ==Y P(X,Y)logy(P(X,Y)l
XY
==Y P(X)P(Y)logy(P(X)P(Y))l
XY
= =Y PX)P(Y) (logy(P(X)) + logo(P(Y)))8
XY

== P(X)log,y(P(X)) — Y "P(Y)log,(Y )= Hx + Hyl
X Y

e Shannon's entropy is one of the few functions that satisfy this
conditionl

Adam Priigel-Bennett Mathematics of Machine Learning
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Why Measure Entropy in Bits

e Suppose we had to communicate a message with 2™ equally likely
outputs (e.g. the result of n-coin tosses)i

e We can do this with a binary string with n bits (011..0)1

e If there were 5 possible outcomes | could do this with 3 bits, but
waste 3/8 of the messagel

e However if we have a batch of 3 independent messages each with
5 outcomes then there are 125 possible outcomest We could
communicate this with 8 bits. This would waste 3/128 of the
messagel

e By batching together enough messages with N outcomes then we
asymptotically need just log,(NN) bitsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/
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Different Probabilities

e We “showed” that if we had N events, X;, each with probability,
P(X;) = 1/N, we can code the outcomes with a message of
length —log, (P(X;))1= logy (NI

e With a shorter message we would not be able to distinguish all
possible outcomes from the messagel

e What happens if some of outcomes occur with a different
probabilityl

X 1 2 3 4 5 6
OO S N T T
Code: 000 001 010 O11 10 11
L = —log, (p(X3)): 3 3 3 3 2 2,
Ao Prige Bemert Wathematics of Machine Leaming Ty 5

Shannon’s Entropy

e If the probabilities are not equal to 27" we can still find a code
with a length very close to —log,(P(X)) per message by
transmitting a large number of messagesl

e The length of the message measures the amount of surprise on
receiving the messagel

e Shannon's entropy is the expected length of the message to
communicate a random variable X

Hy = Ex[~log,(P(X))] = — 3" P(X = 2)log,(B(X = 2))I

TEX

e The expected length is a measure of the uncertaintyl(how much
information on average we need to convey the outcome)l

Real Codes

e Those of you with some computer science background will realise
that we can't actually use different length strings in a code
without paying some pricel

e We won't know where a code word ends so we can't decode the
messagel

e An optimal solution is to use Huffman encoding where we
associate the leaf of a tree with each code wordi

e Using the tree we can decode any message constructed using the
treel

e There is a greedy algorithm for constructing the optimal treel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/

Coding Normals
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Coding Normals to Accuracy Az

Huffman code length  —1log,(P(X)) = —logy (N (xi|n, 0) Az)

259
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o
|
Q
-
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bits and nats

e We have measured entropy in bits using

Hy ==Y P(X = x)log,(P(X = z))1
zeX

e Sometimes it is easier to use natural logarithms

Hx =— Z]P’(X =z)In(P(X =z))

TEX

e In this case the entropy is measured in nats with 1 nat equal to
log,(e) bitst

e This is often easier when we want to do calculus on entropyl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 13

Outline

1. Measuring Uncertainty
2. Code Length

3. Maximum Entropy

Adam Priigel-Bennett

Mathematics of Machine Learning

Number of States

e Suppose | have NV balls | them put in K boxes so that n; balls

finish up in box i

12
11
10 o0
9 o000
8 o 000 O
7 00000000
6 0000000000
5 o 0000000000
4 000000000000
3 00000000000000
2 00000000000000 ©
1
07172347576 7 8 97101112137 14715 16177181920

e Counting the number of ways to do this

N!
P(n)=———F—1I
nylng!-ng!
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Stirling’s Approximation

e We can approximate the factorial n! using Stirling’s
approximation

nl~ Vv2rnn"e™"

1
log(n!) = nlog(n) —n+ §log(2ﬁn)l

e Using this in our formula for P(n) we have

NI log(f\'!)—zlng(ﬂ,!)l

P(n

nylng!- - ng!
Nlog(N)—3 n;log(n;)
e i |

SNERos(R)
=] B

~ ~ Ce

Order n terms cancel as N =Y n; I
i

Number of States and Entropy
e Let p(z;) = n;/N be the proportion of balls in bin i then
P(n) ~ CeNHx
where

Hx = —Zp(:ri)log(p(ri))l

e That is, the “entropy” can be seen as a measure of the logarithm
of the number of configurationsl

e When the number of balls, N — oo the overwhelmingly likely
configurations is the one that maximises the entropy subject to
the observed mean and variancel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 17

Maximum Entropy Method

e When we are trying to infer a distribution given some
observations then we can maximise the entropy subject to
constraintsk—the entropy acts as a priord

e This is known as the maximum entropy methodi

e \We can rationalise this as this is by far the most likely set of
configurations consistent with the observationsl

e Alternatively we can see this as maximising our uncertainty given
what we know#—being as unbiased as possiblel

e It only gives a good approximation if all possibilities are equally
likelyl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 18

Knowing the Mean and Variance

e Consider a continuous random variable, X, with a known mean and second
moment

E[X] = p, E[X?] = pa = pi? + o™

e To maximise the entropy subject to constraints consider

o) = - / Fx(a)log(fx () dz + Ao ( / Frlw)de - 1)

M (/}x(x)xdx - ,1,) W (./'fx(.m‘ldz - ,1,2>|

OL(f)
dfx(x)

e Thus

= —log(fx(z)) — 14+ Xo+ Az + Aoz =00

fX (.71) _ Qfl+/\n+)\1<r/+/\21'2|

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 19

Normal Distribution
o We have three constraints
/e—l+)\n+ky.r+)\212dw 1
/e’HA"*)‘”*)‘”'zmda: =u

2 5 b b
/efl+/\(i+*|-f+*2f” 22da = pp = p* + o’

e Solving for Ao, A1 and A\ then

Fr(@) = — o2ty
2o

e That is, the normal distribution is the maximum entropy distribution given we
known the mean and variancel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 20

Using Maximum Entropy

e Maximum entropy is often used to infer distributionsl

e It can be very effective, but it might not work well if there are
other constraints that we have not includedi

e The place that they work superbly well is in statistical physicsl

e The whole of statistical physics is about inferring distributions
making observations of volume, pressure, etc.l

e Temperature appears rather strangely as a Lagrange multiplierl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 21

Historic Entropy

e Historically entropy was first introduced in statistical physics by
Rudolf Clausius in 1865 (although Macquorn Rankine discussed it
in 1850)1

e |Its interpretation as the number of states was introduced by
Ludwig Boltzmanni

e The person who got it all right was Josiah Willard Gibbs (and
James Clerk Maxwell )i

e Claude Shannon invented information theory base on entropy
around 1948 (more on that in the next lecture)l

e Ed Jaynes was the first to understand that statistical physics can
be seen as an inference probleml

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

Conclusion

e Entropy provides a measure of the disorder or uncertainty in a
systeml

e It forms the basis of information theory which we will look at in
the next lecturel

e —log(P(X = x)) can be seen as the minimum length of a
message to communication zl

e This will be used as the basis of the minimum description length
formalism also discussed in the next lecturel

e Entropy can be used as a prior, which we often maximise subject
to constraints to obtain an unbiased estimatel
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Information Theory

QOutline

1. Information Theory
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Information, KL-divergence, Minimum Description Length
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Communicating Via a Noisy Channel

e Information theory considers communicating down a (noisy) channel

noisy channel

X ~P(X) ———————— YV ~P(Y | X)

o We send a message X (with probability P(X)) and receive a message Y with
probability P(Y | X)I

e The uncertainty of the message sent, given we received a message y is

Hyy—y =~ B(X =2 |Y =y)log(B(X = |V = )i
TeX

e The expected uncertainty in the message sent is

Hypy =Y P(Y =y)Hxjy—y = —> P(X =2,Y = y)log(P(X =2 | Y = y))I
yey xy

Joint Entropy

e We can define the joint entropy

HX4,Y = 7ZPX.y(f[T7y)lOg(PX"y(I,y))l

.y

e If the message we receive is independent of the message that is
sent then Hy y = Hx + Hy (we saw this in the last lecture)l

o Hxy # Hx + Hy if X and Y are correlatedi
e Since P(X,Y) =P(Y|X)P(X) = P(X|Y)P(Y) if follows
Hxy =Hx+ Hy x = Hy + Hxyl

e Or Hx—HX‘y:Hy—Hy‘Xl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 3

Mutual Information

e The amount of uncertainty about the message being sent, X,
before receiving the message is Hx = —E x[logP(X)]i

e Shannon define the mutual information to be the expected loss
in uncertainty when we receive a message

Ix,y = Hx — Hxyl
e Since Hy — Hxy = Hy — Hy |x it follows

Ix.y = Iy xl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 4

Channel Capacity

e We can summarise these relationships diagrammatically

\ Hyy |
\ Hy |

\ Hy |
H Ixyy = Iy;x H Hy|x i

‘ Hxpy

e Shannon defined the capacity of a noisy channel as

C =maxlx.y
P(X)

e That is, you choose the probability distribution of the message to
maximise the information gainl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 5

Independent Noise

e The simplest model of a noisy channel is a
binary channel where each symbol is corrupted
independently with a probability f

PX=1Y =0)=P(X =0[Y =1)=fi H(f)

e An elementary calculations shows that
Hx,y, = —(1 = f)log(1 — f) — flog(f) = H(f

e For a message of length n, Hx|y = nH(f)i

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 6

Error Correcting Codes

e To reduce the chance of misinterpreting a message we need to
build an error correcting codel

e We can do this dividing the space of binary messages into a set of
Hamming balls

©
o
O
O
O

010/0,0/0/0106/00/0/010"

e A Hamming ball B(a,r) is the set of strings that differ from
n-dimensional binary string, «, by at most r digitsl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7
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Volume of Coding Space

e The expected number of errors in a string of length n given an
error rate of fis n f1

e For sufficiently large n we would expect all errors are smaller than
(f+e)n (fore>o0n

e If we make the radius of the Hamming ball » = (f + ¢)n (e > 0)
then we would expect no error for sufficiently large ni

e An upper bound on the number of code words we can send in a
string of length n is
2" n
1= 277,(}7log(n!)+log(7‘!)+log((nfT)!)I: C\/E2IX;Y|

Blar)| ()

Lower Bounds

e Shannon also showed that choosing 2/X:¥ random strings of
length n the Hamming distance beween balls would be at least f
with high probabilityl

e This means that we can send information at rate of Ix.yl
e The maximum rate is given by the channel capacity max/x.yl

o If f=0.1then C = Ix,y = 0.469bits so we need codes of just
over twice as long to communicate accurately over a noisy
channel with a 10% corruption ratel

e Unfortunately, we can't efficiently decode random code positions,
so although we know Shannon's bound is achievable we don't
have practical codes that do thisl
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Using Mutual Information Outline
e Mutual information is used quite often in machine learningl 1. Information Theory
Wikipedia mentions 14 applicationsl 2. KL-Divergence
. . \ Hyy |
) ) 3. Minimum Description Ty

e Suppose we want to align two sets of images through some Length

non-linear transformationsl \ Hay Moo=t | x|

4. Variational

e One way of doing this is to choose the non-linear transformations Auto-Encoders

that maximise the mutual information (or normalised mutual

information) between the two sets of imagesl
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KL-Divergence

e We have met the Kullback-Leibler divergence

KL(p[lg) = Ex~px) {log <%>}

= Expx)[—log(q(X))] — Hx1

e Recall —log(q(X = z)) is the length of code need to send a
message x with a probability ¢(X = z)i

e Thus —Ex.,(x)[log(q(X))] is the expected length of message
needed to code X ~ p(X) using the optimal code for the
distribution ¢(X) rather than p(X)i

o KL(pl|q) is also known as the relative entropy and measures the
expected extra length in coding X ~ p(X) if we use the wrong
distribution ¢(X)i

Variational Approximation

o Recall we use MCMC in Bayesian inference because the posterior
distribution is too complicated to write down in closed formi

e In the variational approximation we approximate the posterior
distribution by a simpler (typically factored distribution), e.g.

1(01D)~ g6 @) = [Jo(6: | o1

e The standard method for solving this is to maximise the
variational free energy

5(¢) = 900 ¢)10g<%> 101

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 13

Evidence Lower Bound (ELBO)

e \We can re-write the variational free energy as

. ) 9(8 ] ¢)
/9(9 | )1 g((f(97p)/f(D))f(D)>d9I

- [at016) (106 45 125) ~toxts D) ) aon

—KL(g(8 | 9)[| /(6 | D)) + log(f (D)8

(o)

e If we maximise ®(¢), we end up minimising the KL divergence
between g and f so that g = f and ®(¢) ~ log(f(D))

e That is, we choose the parameters of our simple factorised
distribution so that it is close to the true posteriorl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 14

Put Another Way

e We can rewrite the variational free energy as
B(p) =—[9(0 | ¢)1og(;z§§jj;>)) A01= L, () + H,(¢p)iwhere

Ly(é) = / 0(6 | 6)(log(£(D|6) £(6))) dgs

acts like an expected posterior that is maximised when the data is
well modelled (we put g(@ | @) where f(0,D) is large, c.f. MAP)I

e The second term is an entropy

Hy(¢) = — / 9(6 | $)log(s(6 | #))deb

That is, we maximise the uncertainty of the distribution g(60 | ¢)i
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Using Variational Methods

e Variational methods can be much faster than MCMC (although
they tend to involve some iterations to maximise the variation
free energy)l

e They can produce very good approximations, although this is not

QOutline

1. Information Theory

2. KL-Divergence

guaranteed (depends on the problem)i 3. Minimum Description } T = ‘ ‘
Length
e They can be extended (e.g. by minimising KL(ng) rather than o \ Hxy [ oo =t I Hax ]
KL(ng)—this is known as belief propagation)i 4. Variational
Auto-Encoders
e MCMC is less elegant, but is a controlled approximation (we get
better results by increasing the number of iterations)l
e MCMC is slower, but on modern computers this isn't usually a
problemi
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Compression and Model Selection
e Qutside of the Bayesian framework it is difficult to do model
selectiont—most of ML isn't Bayesiani

e When is it better to accept a more complex model for a better fit
and when are we just over-fitting7i

e Usually we answer this using a validation set, but this is not
always possiblel

e One principled approach is to use the model that allows us to
maximally compress the datal

e If we are compressing the data then we are capturing features of
the datal

Alice and Bob

e Suppose Alice has data D = {(x;,y;) | i = 1,2,...,m} while Bob
has only the feature vectors {z; | i = 1,2,...,m}

e Alice wants to communicate y; to Bob as efficiently as possiblel
e We suppose Alice & Bob have available a model f(z|6)1

e Rather than sending the complete list {y; | i = 1,2,...,m} Alice
can send Bob the parameter 6 and the errors

8 =yi — f(z:|O)

e Assuming the §;'s have a distribution ps then the cost of
communicating an error to accuracy A is —log(ps(d;) x A)l

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 19

Description Length

e The description length for {y; | i = 1,2,...,m} is then the cost
of transmitting @ plus the cost of transmitting the errors
L=3"000) = Y (10g (s (ui — F(:16)) ) +log(a))
k=1 i=1
where £(6},) is the number of bits need to communicate ), (we
get to choose the accuracy it is worth encoding the parameters)i

e To select between models we choose the model with the
minimum description lengthi

e Note that the accuracy A will lead to the same cost, —mlog(A),
for all models so doesn't affect which model is selectedi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs—vlc.github.io/aice3001/ 20

Minimum Description Length (MDL) Method

e The minimum description length method can be a powerful way
of choosing between modelsl

e Often it is the only principled method availablel
e It allows you to trade model accuracy against model complexityl

e |t can be fiddly as we need to determine the accuracy to which we
should store the parameters of our modell

e This isn't something we usually think about, but often we can get
very good models even when we truncate the parameters to low
precisionl
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Outline Variational Auto-Encoders VAE
1
1. Information Theor Decoder X
Yy (o) ez~ galele) O o #
2. KL-Divergence
& | - | 4o(2le) = N (el ding(0)
3. Minimum Description \ Ty |
Length
‘ Hy)y H Ivy = Iyx H Hyx ‘
4. Variational L =Ez.p [KL(‘]@(ch) ||N(0=I)) - log(pg(:c|z(w)))]l
Auto-Encoders
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Latent Space Understanding the Loss Function

e The original paper derived the loss function as a variational
approximation to maximising some posteriorl

e This is difficult to understand (at least, for me)l

e |t has a very natural explanation in terms of minimum description
lengthi

e Alice wants to communicate the images to Bobl

e Alice uses the encoder to derive a (latent) code ¢(z|x) which she
communicates to Bobi

e She also communicates the errors § = x — Tl

e Bob uses the decoder to decode ¢(z|z) and § to repair the imagesl
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Description Length Conclusions

e The loss
e Information theory has regularly been used in machine learningl
L= IEaCND[KL(qg(zh:)HN(O,I)) — log(pe(x|z(x)))]n
e It requires some understanding and care to do it properlyl

can be interpreted as
e The KL-divergence (or relative entropy) is often used to make two

The cost of communicating the code KL (gg(z|x)||A(0,I)) probability distribution more aliket

Plus the cost to send the repair log(pg(x|z(x)))l

e The minimum description length is a powerful principle for model

e We minimise the loss functionlequivalent to MDLI selectiont

e What is really clever is that we can choose the accuracy of the

o e Variational Auto-Encoders have a very natural interpretation in
code we send gg(z|z) to minimise the over-all costl

terms of minimising a description lengthl
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When Machine Learning Works

Target Space

When ML Works, Bias Variance

QOutline

Target Space

1. What Makes a Good
Learning Machine?

2. Bias-Variance Dilemma
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What Makes a Good Learning Machine?

e We want to understand why some machine learning techniques
work well and other don'tl

e To understand why these works we need to understand what
makes a good learning machinel

e For this we have to get conceptual and think about
generalisation performancel

generalisation: how well do we do on unseen data as
opposed to the training data

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 2

What Makes Machine Learning Hard?

e Typically we work in high dimensions (i.e. have many features)i

e The problem can be over-constrained (i.e. we have conflicting
data to deal with)#—solve by minimising an error functioni

e The problem can be under-constrained (i.e. there are many
possible solutions that are consistent with the data)t—need to
choose a plausible solutionl

e Typically in machine learning the data will be over-constrained in
some dimensions and under-constrained in othersl

e We can't visualise the data to know what is going onl

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 3

Least Squared Errors

e Suppose we want to learn some output y for a feature vector i
o We construct a learning machine that makes a prediction f(z|6)1
e We typically choose the machine to minimise a training loss
R 2 m . 2
L) = > (f(@l6)—y) 1= (F(:l0) - v.)
(z,y)€D i=1

where D = {(z;,y;)}, is a set of size m, sampled from a
probability distribution p(z,y)

o We call this machine f(x|6p)1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 4

Generalisation Error

e We want to minimise the generalisation loss which in this case is

o) = Y nlay) (Falon) —v)t | (N

(z,y)e2 Y P’

(we can estimate this if we have some labelled examples (z;,y;)
which we have not trained on)i

e We want to minimise L (60p) but in practice we are minimising
Lo (D) what could possibly go wrong?1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 5

Too Simple or Too Complex?

o Fit f(x|0p) to datan

t

¥ = 0.087H0R37ck - 1.5 2% +0.052 2% + 2.7 2" — 0.17 2° + 1.6 2% + 0.056 27 + 0.36 5> 000533 i
y=—0.04+08 2" +0.068 22 — 0.074 2° — 0.011 z* ~ f
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Measuring Generalisation Error for Regression

e Consider the regression example. The root mean squared error is

rms error

4 5 6 7
degree of polynomial
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Target Space

1. What Makes a Good Learning
Machine?

2. Bias-Variance Dilemma

Expected Generalisation Performance

e Our generalisation performance will depend on our training set, Di

e To reason about generalisation we can ask what is the expected
generalisation loss, when we average over all different data sets
of size m drawn independently from p(x,y)i

e For each data set, D, we would learn a different approximator

f(@|6p)

e Note that in practice we only get one data set. We might be
lucky and do better than the expected generalisation or we might
be unlucky and do worsel

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 9

Approximation and Estimation Errors

Target Space

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 10

Mean Machine

e To help understand generalisation we can consider the mean
prediction with respect to machines trained with all data sets of
size m

fn(@) = Ep [ f(x\op)]u

e We can define the bias to be generalisation performance of the
mean machine

B=> px.y) (fm(x) - y) L

xecX
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Regression Example n =1

n=1 Bias =0.063696

4 2 0 2 4,
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Regression Example n =5

1.5

n=5 Bias =0.015953

4 2 0 2 4,
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Bias and Variance
Consider the expected generalisation for data sets of size |D| = m

Le =Ep[La(6p)i=Ep {Z w(x,y) (f(wIOD) - y) 2}'

= Zﬂ(wvy)EDRf(w\@D) - y)z}l
= ¥ ulewEn | (§(el60) - FuleRrs (funle) - ) o
= > ulay) (ED [(f(zv\ep) @)+ (Fua) - y)z}

+ 2B [ (£(@/60) ~ fu(@)) (Finl@) - y)]>-
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Cross Term

e The cross term vanishes
C =Ep[({@l6p) — fu(@)) (fu(@) —y)|
= Ep|(f(210p) = fn(@)) ] (Fm(@) — y)s
= (Eo[f(@16p)] = Ful@)) (Fnl@) =)
= (Ful@) = ful@)) (ful@) —y =0
e Thus

Lo = Z w(x,y)Ep [(f($|91>) - fm($)>2 + (fm($) - y)Q]I

xrzeX
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Bias and Variance

e We can write the expected generalisation loss as

BnlLa(op)] = 3 n(e)Ep | ((al6n) - fula))’|

xEX

+ > ) (fm(w) - y)2|: Vim

reEX

e Where B is the bias and V' is the variance defined by

V= 3 ulewEn|(f(alon) - fule) |

xeX

e Warning some of you will see a similar, but subtly different
calculation elsewheret—here Lo = B + V1

Bias-Variance Dilemma

e The bias measure the generalisation performance of the mean
machine and is large if the machine is too simple to capture the
changes in the function we want to learnl

e The variance measures the variation in the prediction of the
machines as we change the data set we train on

V= 3 ulewEn|(f(alon) - ful@) |

zeX
e The variance is usually large if we have a complex machinel

e Striking the right balance is often the key to getting good resultsl
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Balancing Bias and Variance

e We want to choose a learning machine that is complex enough to
capture the underlying function we are trying to learn, but
otherwise as simple as possiblel

e There are a number of tricks to achieve this balancel

e Some require us to preprocess the data to reduce the number of
inputsl

e Some machines cleverly adjust their own complexityl

e This course looks at machines that achieve this balancel
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Lessons

e This course is about understanding machine learning techniques
that work welll

e Which one to use will depend on the data setl

e One of the most useful intuitions about what works is the
bias-variance frameworki

e The bias is high for simple machines that can't capture the datal

e The variance is high for complex machines that are sensitive to
the training setl

e Good machines are powerful enough to capture complex data
sets, but they can control their own capacity (ability to (over-)fit
the data)
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Mathematics of Machine Learning Outline

Over-Fitting

1. Over-fitting?
2. Controlling Complexity
3. Hidden structure

4. Regularisation

Overfitting, regularisation, feature selection
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Over-fitting Binary Classification Task for You

e Complex machine can over-fit

over-fitting: fitting the training data well at the cost of
getting poorer generalisation performancel

e Three red cars. . . 1

e If we used an infinitely flexible machine we can fit our training
data perfectly, but would have no generalisation abilityl

Class 1 Class 2
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Which Category? Spurious Rules
e Which category does the following image belong to? e You ask a learning machine to solve a task based on datal

e It will find a rule that does this, but not necessary the rule you
had in mind&—machine learning can't read your mindi

e Infinitely flexible machines have an infinity of spurious rules they
can learnt—they are uselessl

e What should we do?1
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All Binary Functions Are MLPs Universal Approximators?
1
=000 yn={‘,’( 1
= = 0 unseen
@=100m {1 ' e Yestand Not
x2=010 yz={? . . .
D= {(000,0), (010, 1), (110, 1), (001, 0), (101, 0)} e Yes: If you give me any function, | can find an MLP that
23=110 ya={‘1’ approximates that function to any desired accuracyl
24 =001 y<={§ seen e No: If you give me an MLP, | can find a function with an
N arbitrary high approximation errorl
x5 =101 ysz{ X
o {0 e Would an MLP that could approximate any function be useful?i
T = Y6 = 1

1
@ =111 ”7:{(1) unseen e Absolutely not!i
1

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 7 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/



QOutline

1. Over-fitting?
2. Controlling Complexity
3. Hidden structure

4. Regularisation

Controlling Complexity

e Infinitely flexible machine don't generalisel (because any unseen
data could have any value)i

e Machine learning only works because there is some
structure in the datal

e A successful machine should capture this structurel

e Even deep learning machines with millions or billions of
parameters only work because they successfully capture the
structure of images or textl

o Different learning machines have different performance on
different problems because the data has different structurel

Adam Priigel-Bennett Mathematics of Machine Learning

Training Examples

e As we increase the number of training examples, we make it hard
to find a spurious rulel

e Bigger data sets allow us to use more complicated machinesl

e Part of the success of deep learning is because they use huge
training setst—but this is only a part of their successl

e (Labelled) data is often expensive to collect so we sometimes
have no choice but to use a small training setl

e One of the limitations of using deep learning comes because we
often have limited datal

//ecs-vlc.github.io/aice3001/ 9
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Identifying Structure

e In some cases we know a priori some of the structure in the datal

e In images we believe the identity of an object is invariant to
translation and scalingl

e The success of convolutional neural networks (CNNs) in deep
learning is in large part because the convolutions respect
translational invariancel
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Preprocessing

e Structure might often be obscure to the learning machinel

e If we are trying to predict the spread of disease then a list of
place names might be a lot less useful than their coordinatesl

e Imposing an ordering on an unordered set might not be useful

{“blue” 10, “brown” : 1, “green” : 2, "black” :3}I

e Choosing an encoding that reflect meaningful structure is
essential to successful machine learningi
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Automatic Preprocessing

e One view of deep learning is that each layer (particularly in
CNNs) acts as a preprocessord

e That is, it finds filters that captures features salient to the
problem being tackledi

e For both images and texts we expect salient features to be
spatially localisedi(CNN finds localised filter)i

e The deep structure allows ever more complicated features to be
captured—that is, we can find spatially localised features on
different scalesl

e Having very large datasets and simple filters (the number of
weights in the CNN layers tends to be small) stops overfittingl
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QOutline

1. Over-fitting?
2. Controlling Complexity
3. Hidden structure

4. Regularisation
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Hidden Structure

e Often the structure of data is invisible to usl

e A very successful strategy is to try many different machine
learning techniques and choose the bestl(stupid but effective)l

e Often learning machines have adjustable parameters
(hyper-parameters) that we have to set (they are the same for all
input data, but change with the problem)i

e We need to choose the hyper-parameters to fit the data in our
problemi

e Fine tuning hyper-parameter is importantland almost always
required (true in SVMs, MLP, deep learning)i
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Measuring Generalisation Performance

e Recall, we want to predict unseen datal

e You cannot use data that you have trained on!t—you will
overfitl

e Need to split your data up into training and validation setl
e Use the validation set to choose the hyper-parametersl

e You need a separate testing set if you want to measure your
generalisation performancel

The Overfitting Game

‘+7]n',.7h~N(0‘

0.5

o om ace poire =

-1 5 26 9@ 10
Best of n. Error, A g
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Cross Validation

e If you want to use more data for training then you can use cross
validationl

e K -fold cross validation splits the data into K groupsl

D={D}., Di=(xu)

Lea D fichi} oamizmmeasii ttetlivbarion

Ej’g%:éé‘s'ﬁ% 1.8.243-88 3:7 3.6 +7.4460.99 +H4.54654 +6.23827

i) =43

e Leave-one-out cross-validation is extreme casel
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Hidden Structure

Can't spot low dimensional data by looking at numbersi

3
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Dimensionality Reduction

e We can sometimes simplify our machines by using less featuresl

e We can project our data onto a lower dimensional sub-space (e.g.
one with the maximum variation in the data: PCA)

e We can use clustering to find exemplars and recode our data in
terms of distances from the exemplars (radial basis functions)i

e Whether this helps depends on whether the information we
discard is pertinent to the task we are trying to performi
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Feature Selection

e Spurious features will allow us to find spurious rules (over-fitting)i

e We can try different combinations of features to find the best set,
although it rapidly becomes intractable to do this in all waysl

e We can use various heuristics to decide which features to keep,
but no heuristic is fail-safe method to find the best set of featuresl

e Feature selection however can be powerful, often we can get very
good results by keeping only a few variablesl

e As well as possibly improving generalisation we also get a more
interpretable rulel
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Normalising Features

e Measuring a feature in millimeters or kilometers is going to make
a lot of difference to the size of that featurel

e Many learning algorithms are sensitive to the size of a feature
(larger features are more important)i

e If we don't know how important different features are then it
makes sense to normalise our featuresl E.g.

@

~ m m
T; — g N 1 B8 A9 1 B8 ~ N2
zf e S, ﬂ:a;l% oi=im_1ﬁ§ﬂ,‘<rfm>'

g;

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 22

QOutline

1. Over-fitting?
2. Controlling Complexity
3. Hidden structure

4. Regularisation
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Explicit Regularisation

e As you've seen in the foundations of ML course, we can modify
our error function to choose smoother functions

m
L= (w"zy ) 1 vlw|
k=1

(Good to normalise features)i
e Second term is minimised when w; = O1

o If w; is large then

P
f(xlw) = w'zi= Z’U’iil?il
i=1

Lasso
e We can use other regularisers

m P

L= Z(me’” — yk.)QH— VZ\“H\'
k=1 i=1

e Spurious features (e.g. colour of flag on energy consumption) will
give us a small improvement in training errorl

ul 2
DICHE D
1

T 2
W Ly, — Yny2
oW T = Yn
n=1

v |ws|
= ‘ Ws
1 H lasggla: ¥s0 *
varies rapidly as we change ;1 whesgasidolo  w I
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Implicit Regularisation

e In the last two examples we added an explicit regularisation term
that made the function we learnt simplerl

e Some learning machines do this less explicitlyl
e Some deep learning architectures do subtle averagingl

e Sometimes the architecture biases the machine to find a simple
solutionll

Maximum Margin Machines

e Perceptrons have many options to separate datal

e SVMs choose the machine with the biggest marginsl
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Success of SVMs

e SVMs regularise themselves by choosing the machine with the
largest marginl

e This ensures maximum stability to noise on the datal

e |t leads to very good generalisation on small datasetst—usually
beats everything elsel

e But you still need to normalise the featuresl

e You also need to tune its hyper-parameters (C' and sometimes )i
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Lessons

e Machine learning isn't magicl
o |t works when the learning machine is well attuned to the problemi
e Sometimes you can help by preprocessing your datal

e Sometimes there is a regularisation term that helps select a
simpler machinel

e Most machines have hyper-parameter that you tune to match the
machine to the datal

o Really clever machines try to do this matching automaticallyl
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Mathematics of Machine Learning Outline

Symmetry

1. Inductive Bias
2. Invariance

3. Group Theory

Inductive Bias, Symmetry, Invariance, Group theory
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Inductive Bias The Real World
e Learning machines differ in how they split up the space of inputsl e The problems that we care about come .
from a highly structured world where the .

e Perceptrons split the space using a hyperplane, RBFs split the solutions inherit some of the properties of
space depending on some set of centres, MLPs successive split that worlds -
the world at different layersi

e Usually similar input have similar outputs
(we don't expect to change one pixel in
an image and that it should be classified ' C
differently)n

e These differences are known as the inductive bias of the machinel
e The different inductive bias lead to different performancel

e How can we exploit the inductive bias to get good performance? .
P get g P e The classes are often quite well separatedi
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Smoothness QOutline

e A natural assumption is smoothness (the classification surface or

regression surface changes slowly as we change the input)l . .
1. Inductive Bias

e Often there is a hyperparameter that controls this 2. Invariance

The kernel parameter  in SVMs (or £ in Gaussian Processes) 3. Group Theory
k in k-nearest neighbours
The size of the Ly regulisation term in neural networksl

e We often have to choose these using trial and error (using a
validation set)1
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Symmetry Convolutional Neural Networks

e There are sometimes symmetries in the world we can exploitl

e In image classification we consider an object should be classified

the same wherever it is in the imagel
=2x80+0x8+1x48
=-3x0+0x0-2x0
=2x8+0x0-1x0=~-2

e The classification should be invariant to translations (scaling and
perhaps rotations)i

LS
T
eV
= jpoc )
4’;’4’!5;,“

=%

o

e The classification function possesses a translational symmetryl

e Learning machines that respect translational invariance have far
less propensity to overfiti—they don't need to learn that the same
object in a different part of the image is the samel
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Equivariance

e CNNs are not translationally invarianti
e The output will be different if we shift the inputl

e They are (up to edge effects) equivariant in that we would get
the same result if we shifted both the input and the output in the
same wayl

e They are not perfectly equivariant (they break at the pixel level
and at the full image level—due to edges)i

e But they are sufficient good that CNNs have dominated computer
vision for yearsl(ignoring visual transformers)i

Other Symmetries

e The identity of an object should not change if we move the
camera further away or rotate the cameral

e CNNs are not naturally scale or rotationally invarianti(although
there are attempts to remedy this)i

e Rotation invariance doesn’t always reflect “the world”#—people
usually stand on their feet not on their headsl

o Although you want rotational invariance when interpreting aerial
imagesl
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Scale Symmetry

e CNNs are not scale invariantl
e There are various pyramid image i
processing techniques to try and build Fawiey’ =48

subsample | /. Level2

in approximate scale invariancel ur ana 7\ vreoen

subsample
=, Level 1
. . e . Blur and $ 172 resolution
e However, in many image classification ~ stsmele 1l
N H 2 Level 0
tasks we concentrate on the object in Original

/ image

the foregroundi e

e Many datasets rescale objects in the
image so they are roughly the same
sizel
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Learning Invariance

e Currently we are not smart enough to come up with networks
that are scale invariant or rotational invariantlor invariant to small
distortionsl

e \We therefore hope that our networks learns this by training on
objects of different sizes, orientations, lighting conditions, etc.l

e Knowing this is an invariance we want, it is now common practice
to do data augmentation where we perform transformations that
replicate physical plausible changes in the datal

e We are removing spurious rules by (artificially) increasing our
dataset sizel
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Augmentations

2.

e Data augmentation is standard practice in deep learning for
imagesland makes a very considerable differencel
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Other Symmetries Exist

e In NLP it is now common to translate sentences to a foreign
language and back to the original language to learn invariance to
minor changes in the words usedi

e There are cases where we care about sets of objects, but not their
orderingl

e An example might be sets of objects in an image or vertices in a
graphi

e Here constructing operators that are equivariant (the same if we
permute the inputs and outputs) can again reduce overfittingl
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Normalisation

e Sometimes clever normalisation can make a lot of difference to
the performance of an algorithmi

e We might do this by feature engineeringi(divide the length on the
nose by the width between the persons eyes)i

e We might do this by normalising the outputt—use cosine similarity

rather than distance

T
a'b
cos(f) = ———I

llall]lB]l
e These make the results invariantito the distance of the cameralor

the length of @ and b1
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QOutline

1. Inductive Bias
2. Invariance

3. Group Theory
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Group Theory

e Symmetries are very well studied in mathematicsl
e The language of symmetries are groupsl

e These capture the structure of transformations that represent
some symmetryl

e Group theory is highly abstract and it is easy to lose sight of its
connection to symmetry, but it has proved itself extraordinarily
powerful in revealing structuresl

Groups

e Groups consists of a set (we can think of the elements as
transformations), G = {a,b,--- }i

wn

e And an operator (which we can often think of as composition)i

e That is, a - b we can interpret as apply transformation b and then
apply transformation al

e The set and transform form a group if they satisfy four axioms

closure: for all a,b € G thena-be g

associativity: a-(b-¢) = (a-b)-c

existence of an identity e such that a-e = a for all a

Every element, a, has an inverse a~! such that a™!'-a = el
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Tossing a coin

e We consider a coin with two actions
flip the coin: f
leave the coin alone: el

e These form a group (the cyclic group C5)
Closure is obvious f-e=f, f-f=e,e-e=eande-f=f
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The Four Group

o A slightly less trivial example represents the set of transformations
that leaves a rectangle invariantl

B

L 1
Associativity: e.g. (e- f)-f=e-(f-f)
e is the identity
- —1
el=ecand f71=f
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Non-commutativity

e Not all groups commutel

e For 3-d rotations : R, - R, # R, - R,1

Noncommutative
[ ®2 - R2 RL RL: counter-clockwise rotation of 0% about the x axis
An object is rotated by different axes R2 : lockwise rotation of 90 about the z axis

Rz R1
2nd rotation

)

1 st rotation 4 1

L))

R1R2
2nd rotation

& )

X

Associativity

e We can think of the elements of a group as transformations
acting on some object (e.g. rotations of a book)l

e We consider - to denote composition so a - b denotes apply action
b then action al

e When we say ¢ = a - b we mean that action ¢ is equivalent to
apply action b followed by action al

e Suppose g =a-band h =b-c then
g-c=a-M

(a-b)-c=a-(b-en

e These correspond to an equivalent set of actionsl
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Permutations

e The set of permutations of n objects form a group (known as the
symmetric group Sy, )i

e The composition of a permutation is a permutationl
e There is an identity (do nothing)i
e For every permutation there is an inverse permutationl

e Obviously S;, has n! elementsl(you can reorder elements in n!
ways)l

e Permutations have a lot of structure (in terms of elements
cycling, subgroups, etc. )i
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Infinite Groups

e The set of integers under addition form a groupl

e Its closed, has an identity, 0, and each element n has an inverse
—nl

e The group describes the set of discrete shiftsl
e The set of rational number under addition also forms a groupl

e Nothing new here, you've known about these since you were a
toddlert
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Continuous Groups

e The set of reals under addition form a group and describes
translations in one dimensionl

e The set of reals excluding 0 form a group under multiplication
with an identity 1 and inverse of x being 1/z1

e These describe scale transformationl

e These are not terrifically interesting groupsl(or at least groups
you are so familiar with that they are now boring)i

e Things get more interesting in high dimensional spacel

Lie Groups

e Continuous groups are known as Lie Groupsl

e They describe things like general translational invariance,
rotational invariance, relativistic invariancel

e The transformations can be represented by a set of matricesl

e To study these one looks at infintesimal transformations and the
algebra between these infintesimal transformations (Lie algebras)i

e This is much studied in physics and occasionally studied in
machine learning, although more on the sidelinesl
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Rotations SO(n)

e The set of n x n orthogonal matrices (matrices, M, such that
M™ = MMT = 1) form a group O(n)i

e Note that det(M) = +11
e These correspond to rotations and reflectionsl

e The group of matrices that don't correspond to reflections (where
det(M) = 1) form a subgroup SO(n)

e SO(2) consist of the 2-d rotation matrices

(Sl &)
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Summary

e Invariances are important as if a machine properly captures a true
invariance it can massively limit the space of functions being
approximatedi—reducing the chances of finding spurious rulest

e Often it is hard to build-in invariances into the machine learning
model and practitioners will often resort to data augmentation in
the hope that these invariances can be learnedi

e There is a mathematical language around describing the structure
of symmetries: group theoryl

e You should know group theory exists, it is occasionally used in
machine learning, but not that muchi

e |'m not going to expect you to know any details about group
theoryl
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