Mathematics of Machine Learning

Constrained Optimisation

Lagrangians, Inequalities, KKT, Linear Programming, Quadratic
Programming, Duality
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Optimisation with Constraints

e There are a number of important applications where we wish to
minimise an objective function subject to inequality constraintsl

e A prominent example of this is support vector machinesl

e More generally there are a large number of kernel models that
involve constraintsl

e However, constraints are ubiquitous in machine learning (e.g. in
Wasserstein GANs)i
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Solving Constrained Optimisation Problems

e Suppose we have a problem

min f(x) subject to g(x) =01

e A standard procedure is to define the Lagrangian
L(z,a) = f(z) —ag(z)
where « is known as a Lagrange multiplier
e In the extended space (z,«) we have to solve

maxminL(z, )l
[e% T
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Conditions on Optimum
e The optimisation problem is

mgxn;inﬁ(w,oz) where  L(z,a) = f(x) — ag(z)

e Assuming differentiability

V.L(x,a) =V, f(x) —aVg(x) =0
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Note on Gradients

e Note that for any function f(z) we can Taylor expand around g

. . . 1
f(@) = f(@o) + (x — o) Vauf (mo) + 5(37 — @) H(w — x0) + ...
where H is the matrix of second derivatives known as the Hessianl

e If we consider the set of points perpendicular to V f(x¢) which

oL )
B0 = —g(z)=0 go through x (the tangent plane), these will have values
«
- 4 condition ie fust the conctrains e~ 0) 79 o) = 0} s T )
e The second condition is just the constrain 5
! f(@) = f(@o) + O}z — ao*) *
. N _ - ) .
o But what about first condition: V.f(x) = aVag(z)n thus V,f(x) is always orthogonal to the contour linesl
Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 5 Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 6
Constrained Optima Example
1
e Minimise f(x) = 22 + 2y> — 2y
e Subject to g(z) =2 — 2y —3 =01
e Writing £ = f(z) — ag(x)l
e Condition for minima is V,£ =0
2z —y 1
V.f(x) = =aV.g(x) =«
@)= (270 < avagte) =)
oL L9, —
and 3% = —g(xz) =~z +2y+3=01
e Solving simultaneous equations gives the minimum at
(z,y) = 3,—3) with o = 21
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Surface Saddle-Point y = —9/8

f(z,y)
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Multiple Constraints Example

e Given an optimisation problem with multiple constraints L .
P P P o Minimise f(z) = 22 + 2y + 52% — xy — 22 subject to

min f(x) subject to gg(x) =0 for k =1,2,...,m1 gi@) =2 —-2y—z-3=0and ga(x) =22 +3y+2—-2=01
x
Writing £(z,a) = - - I
e We introduce multiple Lagrange multipliers * Writing L(2,0) = f(2) — a19:(x) — a202(2)
m e Condition for minima is V,£ =0 or V,f(x) = Zzzlakvmgk(m)
L(m,a) = f(x) = Y argu(@)
k=1

20—y — 2 1 2
—x 44y =a1| 2| +as|3
e The condition for an optimum is V,L(x,c) = 0 which implies 102 — o -1 1
G a
L _ _
V.f(z) = Zakvwgk(w)l and 55 = —gi(z) =00
k=1
o e Solving simultaneous equations gives the minimum at
.. . z.o) o 37 11 1 H — 13
plus the original constraints Do = gr(x) =01 (3, -1 —35) with ag =3 and ap = 241
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Outline Inequality Constraints

e Suppose we have the problem

1. Constrained Optimisation minf(z) subject to g(a) > O1
x

2. Inequalities

3. Duality e Looks much more complicated, butl
e Only two things can happen
Either a minimum, a*, of f(x) satisfies g(z*) > 0
+ We then have an unconstrained optimisation problemi
Otherwise, it satisfies g(z*) =0
* We have a constrained optimisation problemi
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Inside Region On the Boundary
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KKT Conditions

e To minimise f(x) subject to g(x) >0
L(z,a) = f(z) —ag(zn
e Then VL =0 or

V.L=V,f(x) — aV,g(x)=0

e with @« > 0 and ag(x) = 0: either & = 0 (the constraint plays no
part)lor a > 0 and g(a) = 0 (the solution is on the boundary)i

e These conditions are known as the Karush-Kuhn-Tucker
conditionsl

Many Inequalities

e Given the problem

minf(z) subject to gi(x) >0 for k =1,2,...,ml
x

e We introduce multiple Lagrange multipliers
m
Li@.a) = f@)— Y arge(@)
k=1
e The condition for an optimum is

V.f(x) = Zakvmgk(w)l
k=1

e Plus, for each k, a, > 0 and aygx(x) = 01
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Solving the Lagrangian for =

o Consider minimising a function f(x) subject to a set of
constraints g;(x) = 0 or g;(x) > 01

e We can consider this a double optimisation problem

o« xT

maxminL(z,a) = mgxrr;in (f(m) — Z%Qz(m)>

where «; > 0 for each inequality constraintl
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Dual Problem

o If f(z) and g;(x) are simple we can sometimes find a set of
variables *(a) that minimises the Lagrangian

VL(z" (o)) =01

e This leaves us with the dual problem

mgxﬁ(w* (),

e If we had an inequality constraint g;() > 0 then we would have
the additional constraint in the dual problem «a; > 01
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Linear Programming

o In linear programming we minimise a linear objective function ¢’z

subject to linear constraints g(x) = Ma —b =0 (or g(x) > 0
with > 0)1

e The Lagrangian becomes
L(z,0) =c'z —a"(Mz —b)
e An equivalent way of writing the Lagrangian is
L(z,0) =ba — a:T(MTa —o)l

e An entirely equivalent interpretation is that we maximise an
objective function bT v subject to constraints MTax — ¢ = 0 (or
MTa — ¢ < 0 with e > 0N
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Linear Programming Example

e Suppose we eat potatoes and rice and we want to ensure that we
get enough vitamin A and C1

Potatoes | Rice | Daily Requirement
Vitamin A 3 5 20
Vitamin C 5 2 24
Price 5 4

e We want to buy P kg potatoes and R kg of rice as cheaply as
possible subject to fulfilling our vitamin requirementl

min5P + 4R
PR

subjectto P,R>0, 3P+5R>20 and 5P +2R > 24
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Linear Programming

e Minimise 5P + 4R

e Subject to
3P +5R > 20

5P+ 2R >24
P.R> 01
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Lagrangian

e \We can write the problem as a Lagrange problem

minmax 5P +4R — A(3P +5R—20) — C(5P 4+ 2R —24)
PR AC

e subject to P,R,A,C > 01
e A and C are Lagrange multipliers for vitamin A and Ci
e We can rearrange the Lagrangian to obtain

maxmin 204 +24C — P(3A+5C —5) — R(bA+2C —4)
AC PR

Dual Problem

e The Lagrangian
maxmin 204 +24C — P(3A+5C —5) — R(5A+2C —4)i
A,C PR
leads to the dual problem

max 20A + 24C
A,C
subjectto 3A+5C <5 5A+20<4 AC>0
e Consider someone selling vitamins A and C. They want to

maximise the price of vitamins A and C, but their prices cannot
exceed the price of the vitamins in potatoes or ricel
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Dual Linear Programme

e Maximise 20A + 24C'

e Subject to

344+5C <5
5A+20 <4
A,C >0

O
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Why?

e Why are we bothered about translating one linear programme into
another?l

e Sometimes one form is massively easier to solve than the otherl

e This is because the first linear programme depends on the
dimensionality of & while the second linear programme depends
on the number of constraints (or dimensionality of a)i

e This is important, for example, in Wasserstein GANsI
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Quadratic Programming
e A quadratic programme involves minimising a quadratic function
xTQz (with Q > 0) subject to linear constraints M@ = b (or
Mz > b)
e \We can define the Lagrangian
L(z,a)=2"Qx — o (Mz — b)
o Where the solution is given by maxminZ(x,a)l
(e xT

e If the constraints are inequality constraints then a; > 01

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 28

Solution to Quadratic Programming Problem

e Using
L(z,a)=z"Qx —a"(Mz — b)i
e Then
Va.L(x,0) =2Qx — M'ad
e So V,L(x,a) =0 implies

1
x" = §Q71MTOL|
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Dual Quadratic Programming Problem

e Substituting * = %QflMTa into
L(z,a) =2"Qx — o' (Mz — b)I
e We get the dual problem
Lt —IaT T
max — o MQ " Ma+a' bt
(a3
e |f the constraints were inequality constraints then we have a; > 01

e We have exchanged one quadratic programme for another, but
sometimes that is very useful (e.g. SVMs)i
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Lessons

o A useful tool for performing constrained optimisation is the
introduction of Lagrange multipliersi

e This is particularly useful for problems with unique solutions (it
will work when there are multiple solutions, but finding many
saddle points is a pain)i

e For inequality constraints we need to satisfy KKT conditionsl

e For simple situations (linear and quadratic programming) we can
eliminate the original variables to obtain the dual problemi

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 31

Adam Priigel-Bennett Mathematics of Machine Learning //ecs-vlc.github.io/aice3001/ 32



